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I. INTRODUCTION 

Folded plate structures have become quite popular in the United 

States in recent years. They have been used most extensively in 

reinforced concrete roof construction to bridge long spans and provide 

more column free floor space. These structures have been constructed 

in many different geometrical shapes to form interesting architectural 

designs. The basic principles of folded plates are not limited to roof 

design. These principles have also been applied in the design of floor 

systems, staircases, bins and foundations. 

The largest majority of folded plate roofs have been designed 

prismatic, where the plate elements are rectangular in shape and constant 

in thickness. An extensive amount of analytical and experimental 

research has also been conducted on the behavior of prismatic folded 

plates. The main contributions prior to 1963 have been summarized in a 

report by the A.S.C.E. Task Committee on Folded Plate Construction (1). 

More recent investigations have been conducted by Beaufaut and Gray (2,3), 

Graham (10), Powell (12) and Scordelis and Gerasimenko (13). 

Recently, the trends in architectural design have been to generalize 

the shape of folded plates by making the plate elements non-prismatic, as 

shown for example in Fig. 1. By combining triangular, trapezoidal and 

rectangular plates in a variety of folded patterns, many other geometrical 

shapes can be formed. 
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Several non-prismatic folded plate structures have been constructed 

in the past decade. A prestressed concrete roof similar to the structure 

shown in Fig, 1 has been reported by Benito (4). Other applications in 

the form of cantilever roof structures used for office buildings, airplane 

hangers and grandstands have been discussed by Del Pozo et al. (7) and 

Whitney et al. (19,20). Non-prismatic plate elements have also been 

combined in radially symmetric patterns to form roofs for auditoriums and 

family dwellings. Structures of this type have been described by Faerber 

(8), Welch (18) and Whitney et al. (20), 

Only a limited amount of information has been reported on the design 

of these structures. In most cases, however, the structural design has 

been based on model studies or approximate theories. In order to give the 

architect and structural engineer more flexibility in the design of folded 

plates, there is a definite need for general methods of analysis which can 

be applied to non-prismatic folded plates. An introductory study has been 

conducted at the University of California by Yamahara (21) to investigate 

some possible approaches to the analysis of these structures. 

The main purpose of this investigation is to develop a theory that 

can be used to analyse simply supported non-prismatic folded plates. The 

predicted results obtained by applying this theory are compared to the 

measured results of an experimental investigation that was conducted on 

two non-prismatic folded plates. This theory can also be used to analyse 

prismatic folded plates. Solutions obtained by the proposed theory are 

compared to known solutions for prismatic folded plates to further test 
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the theory. In addition, a study was conducted to investigate the 

structural behavior of non-prismatic folded plates and to compare their 

behavior to that of prismatic folded plates. This study also includes 

an investigation to determine if simplified theories which are applied 

in the design of some prismatic structures can also be applied to non-

prismatic folded plates. 
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II. ANALYSIS OF NON-PRISMATIC FOLDED PLATES 

One of the primary objectives of this study is to formulate a 

method of analysis that can be used to predict the behavior of non-

prismatic folded plates. In this investigation, the term "non-prismatic" 

refers to variations in the depth of plate elements with respect to the 

longitudinal span of the structure. In many respects, the theory is 

similar to "Ordinary Folded Plate Theory" used in the analysis of 

prismatic folded plates. When the plate elements in a structure are 

non-prismatic, the common assumptions of similar loading and normal 

curve distributions used in Ordinary Folded Plate Theory no longer apply. 

The theory developed in this investigation generalizes Ordinary Folded 

Plate Theory to account for the conditions of non-similar loading and 

the effects of non-prismatic plate elements. As a result, prismatic 

folded plates can also be analysed as a special case using this theory. 

The theory only applies for the analysis of "long non-prismatic 

folded plates" where the ratio of the length of the plates relative to 

their widest depth is greater than two. On the basis of this criterion, 

the main structural behavior is controlled by flexure in the longitudinal 

direction and one-way slab action in the transverse direction. This 

restriction is actually not a serious one since folded plates are usually 

used to bridge long spans in order to provide more column free floor 

space. 
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The theory will be presented in three phases in order to separate 

the general approach to the analysis from the detailed formulation. In 

this chapter, the basic principles of folded plate behavior will be 

presented. This will be followed by a discussion of the method of 

analysis used for non-prismatic folded plates. In Chapter III, various 

parts of the theory will be formulated and the derivation of equations 

will be presented. The theory will be presented in a form that can be 

readily programmed for a digital computer since the analysis of non-

prismatic folded plates is only practical when a digital computer is 

employed. Three computer programs were written for this investigation. 

A discussion of these programs and the main flow charts will be presented 

in Chapter IV. 

A. Basic Folded Plate Behavior 

The type of folded plate structures considered in this investigation 

consist of a folded combination of plate elements of constant thickness 

spanning between two supporting end diaphragms as shown in Fig. 2. In 

general, the plate elements may take the shape of triangles, trapezoids 

or rectangles. Continuity is maintained along the intersections of the 

plate elements. 

The basic structural behavior of a folded plate can be described by 

composite action of two basic structural systems; the "slab structure" 

and the "plate structure". These systems are illustrated on a typical 

cross-section shown in Fig. 3. In the basic slab structure, it is assumed 
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that continuity is maintained perpendicular to all the joints. The 

plate structure, however, consists of articulated joints. These two 

basic systems are inter-related in that the deflections at the joints 

of the slab structure must conform to those of the plate structure. 

Loads applied to the surface of the structure are assumed to be 

transferred to the longitudinal joints by the continuous transverse 

"slab action" of the slab structure. These loads form a set of basic 

joint loads, distributed along the length of the joints which are then 

applied to the articulated plate structure. The joint loads are resolved 

into the plane of the plates to form a set of plate loads which are 

distributed along the length of each plate element. These plate loads 

are then carried to the supporting end diaphragms by the longitudinal 

flexural action of the plates, which is commonly referred to as the 

"plate action" of the structure, 

B, Method of Analysis 

The analysis of a folded plate structure can be divided into two 

parts; the "primary analysis" and the "correction analysis". The primary 

analysis consists of analysing the structure for the applied loading 

condition on the basis of the assumption that the relative joint 

displacements at any transverse cross-section do not occur. In order 

to satisfy this assumption, the longitudinal joints of the structure 

are temporarily restrained against relative vertical displacements. 

Relative joint displacements do occur, however, and a correction analysis 
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is required to account for the additional stresses, moments and 

deflections that are introduced as a result of these joint displacements. 

The final solution is then obtained by superimposing the results of the 

primary analysis and the correction analysis. 

1. Primary analysis 

The method of analysis presented in this study can be generally 

described as a method of nodal analysis. A number of equally spaced 

nodal sections are initially defined along the length of the structure 

as shown in Fig. 4. The point which defines the intersection of a 

nodal section and a longitudinal joint will be referred to as a "node". 

In the primary analysis, a condition of unyielding supports is temporarily 

applied along the length of the ridges and valleys of the slab structure 

to provide restraint against relative joint displacements. These supports 

are shown on a typical cross-section in Fig. 5. It is then assumed that 

the surface loads between the joints of the structure are transferred to 

the longitudinal joints by a continuous one-way slab action in the 

transverse direction. An independent transverse bending analysis on the 

basis of a unit width of slab is required at each nodal section to 

determine the primary transverse bending moments, TM̂  and the primary 
no, J 

joint reactions, AR̂  ,, at each joint. 
no, J 

The transverse bending analysis at each nodal section can be 

conducted by any common method used for analysing continuous beams. In 

ĥe notation used in this dissertation is defined in Appendix A. 
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this investigation a general matrix formulation on the basis of a basic 

stiffness method was used. This method is very general and can be 

readily programmed for a digital computer. When the proper stiffness 

matrix is used, the analysis can be carried out on the basis of the 

horizontal projection of a transverse nodal section, A detailed 

formulation of the stiffness method used In this investigation is 

presented in the next chapter. 

The primary joint reactions, AR̂  obtained at each nodal section, 
no, J 

when reversed, form a set of joint loads, RÎ  ., which must be carried 
no, J 

by the plate structure. When a sufficient number of nodal sections are 

considered, the distribution of the joint loading applied to each joint 

can be defined over its entire length as shown in Fig, 6, On the basis 

of the assumption that the plate structure is articulated at the joints, 

these joint loads are then resolved into plate loads, PI . ., which 
no,J, K 

act in the plane of the plates at each nodal section, as shown In Fig, 7. 

The total plate load intensity, at each nodal section is then 

determined by the sum of the intenslaites which contributes to a given 

plate from each adjacent joint. The distribution of plate load will then 

be defined over the length of each plate as shown in Fig. 8a, 

When each plate is assumed to act independently, the longitudinal 

plate load bending moments, j,, can be determined at each nodal 

section. The distribution of plate loads between nodal sections can be 

defined in terms of a second degree parabola which will simplify to the 

case of a linear or uniform distribution of load, if the plate loads are 
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distributed in this manner. On the basis of this assumption, the 

distributed plate load can be expressed in terms of a set of statically 

equivalent concentrated plate loads, acting at each nodal 

section as shown in Fig, 8b, The plate load bending moments, 

are then determined at each nodal section by statics. 

As a result of the plate load moments, longitudinal stresses are 

developed in each plate. In general, the stresses which are developed 

in two adjacent plates along their common edge will not be equal because 

it has been assumed that each plate acts as an independent beam. A 

condition of strain compatibility must exist along this common edge and 

in an elastic structure, this condition Implies that the stresses must 

also be compatible. As a result, a distribution of unit shearing forces, 

qj, must exist along the edges of the plate, as shown in Fig, 9, in order 

to satisfy this compatibility requirement. 

In the next chapter, a "Modified Three Shear Equation" will be 

derived. This equation expresses the state of stress compatibility 

along the joints in terms of the known plate load bending moments,  ̂

and the unknown shear forces, T .. This equation has been formulated 
no,j 

for the general condition of matching the stresses along the common edge 

of two non-prismatic plate elements. When the angles of taper of the 

plates, ô , are taken to be zero, the Modified Three Shear Equation 

simplifies to the Ordinary Three Shear Equation which is used for matching 

stresses in prismatic folded plates. 
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In the analysis of prismatic folded plate structures, the basic 

assumptions of similar loading and normal curves are usually employed. 

With these assumptions, the condition of matching stresses can be 

satisfied by an analysis at any typical cross-section because the 

longitudinal distribution of the stress functions are all the same. 

Unfortunately, this approach cannot be taken in the analysis of non-

prismatic folded plates since each cross-section is different from an 

adjacent cross-section and the conditions of normal curves and similar 

loading do not apply. In addition, when the Modified Three Shear 

Equation is written at a particular node, no, the unknown shear forces 

at the two neighboring nodes, no-1 and no+1, on the same joint are 

involved. Theoretically then, the Modified Three Shear Equation must 

be satisfied at an infinite number of nodes along all joints at once. 

This condition is impossible to satisfy, but sufficient accuracy can 

be obtained by satisfying the compatibility of stresses at a finite 

number of nodal points within the structure. This approach is basically 

the same as the approach used for solving boundary value problems by 

finite difference methods. The problem of matching stresses may then be 

solved by formulating a set of (nn x nlj) simultaneous equations which 

result from writing the Modified Three Shear Equation at all interior 

nodes of the structure. Here, the notation (nn % nlj) refers to the 

number of nodal sections times the number of interior joints. The unknown 

shear forces, T ., are then determined at each interior node by solving 
no, J 

this set of simultaneous equations. Once the shear forces are known, the 
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primary longitudinal stresses, , can be determined at each node 
no,1,J 

of the structure. 

It should be noted that for a structure which contains 4 interior 

joints where 15 nodal sections are considered, the solution of 60 

simultaneous equations is required. This number of equations should 

leave little doubt that the aid of a digital computer is needed to carry 

out this analysis. 

As a result of the stresses developed in each plate element, the 

plates deflect in their own plane. If the plates are temporarily 

considered to be disconnected, the curvature, 4"̂  ̂ at each nodal section 

of each plate may be determined in terms of the known longitudinal 

stresses, f̂  ... The distribution of curvature along the neutral axis 
no,i,j 

of each plate can then be defined by considering a sufficient number of 

nodal sections as shown in Fig. 10b. On the basis of the assumption 

that the distribution of curvature between nodal sections varies as a 

second degree parabola, the deflected shape of the structure can be 

determined by the use of Moment-Area Principles and numerical integration. 

Basically, the deflected shape of the structure can be defined by a set of 

concentrated angle changes applied at each nodal section as shown 

in Fig. 10c, These concentrated angle changes can be determined by a 

numerical integration of the curvature diagram. The plate deflections, 

5̂  ̂ are then obtained by considering the basic geometry of the deflected 

curve and the boundary conditions. 
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In the preceding deflection analysis, each plate is considered to 

act independently. However, the final deflected position of the common 

joint between two plates must define a single deflected shape. By 

applying a basic Williot Diagram at each node where the plate deflections 

are known, the vertical joint deflections, 5v ., can be determined as 
no,j 

shown in Fig. 11. 

The primary analysis which does not account for the effects of 

relative joint displacements is complete at this stage. As shown in 

Fig, 11, relative joint displacements do occur in the plate structure. 

Consequently, the deflected shape of the slab structure must be made to 

conform to the deflected shape of the plate structure. In order to 

satisfy this compatibility requirement, a new set of transverse moments 

and vertical holding forces are introduced at the joints. 

In some structures, the magnitudes of the relative joint displace­

ments may be quite small. Whenever this is the case, the analysis may 

be terminated at the end of the primary analysis and the primary stresses, 

f̂  . transverse moments, TM̂  and deflections 6v̂  ., can be taken 
no,i,j no,j* no,j 

as an accurate prediction of the final results. This condition seldom 

applies in the analysis of non-prismatic folded plates where the effects 

of relative joint displacements are usually quite large. 

2, Correction analysis 

The first step in applying the correction analysis is to determine 

the transverse moments and holding forces that are introduced into the 
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slab structure as it is deformed along the longitudinal joints to conform 

to the deflected shape of the plate structure. This part of the correction 

analysis is defined as the secondary analysis. A set of fixed end moments 

which result from the relative translations of the edges of the plates, 

shown in Fig. 11, can be determined at each nodal section. An independent 

transverse bending analysis is then carried out at each nodal section of 

the one-way continuous slab structure to determine the secondary 

transverse bending moments, TM̂  ,. Each transverse bending analysis is 
no, J 

conducted on the basis of the same assumptions used in the primary 

analysis. The slab structure is assumed to be supported along the joints 

by a system of unyielding supports. As a result of this assumption, a 

system of secondary holding forces, AR® ., are developed at each interior 
no, J 

node. This set of holding forces defines a distribution along each joint. 

It should be noted that the total system of holding forces form a self-

equilibrating force system on the slab structure and no additional load 

is introduced to the plate structure. This conclusion can be made by 

considering that the fixed end moments at this stage are a direct result 

of relative joint displacements. 

This system of secondary holding forces cannot exist because relative 

joint displacements are not prevented in the actual structure. A method 

of analysis must be formulated to remove their effect so that the 

stresses, moments and deformations of the structure can be determined 

where relative joint displacements are allowed to occur. 
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Two procedures were used to account for the effects of relative 

joint displacements. Both methods are commonly used in the analysis of 

prismatic folded plates. In this study, they have been extended to 

cover the more general case of the analysis of non-prismatic folded 

plates. The methods investigated are known as the "Iteration Method" 

and the "Particular Load Method", The basic principles involved in 

applying these methods to the analysis of non-prismatic folded plates 

will be discussed in the remainder of this chapter. 

In the Iteration Method, the effects of the secondary holding forces 

are removed by reversing their action and by reapplying them to the 

plate structure as a new set of joint loads. As described in the primary 

analysis, these joint loads, RI ., can then be resolved into the plane 
no, J 

of the plates to form a new distribution of plate loads. The remaining 

portion of the analysis follows the form presented in the primary analysis. 

A new set of stresses is then determined on the basis of the assumptions 

that relative joint displacements do not occur. However, these stresses 

introduce a new set of relative joint displacements and another correction 

analysis is required to make the deflected shape of the slab structure 

conform to the deflected shape of the plate structure. The entire 

procedure is then repeated and each correction analysis introduces a new 

correction analysis. The iteration procedure is continued until the 

correction moments introduced at any cycle of iteration are small at each 

node. The results of the primary analysis and the results of each cycle 
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of iteration are then added to determine the final stresses, transverse 

moments and deflections. 

In each correction analysis, the condition of unyielding supports is 

introduced in the transverse bending analysis. Consequently, the 

structure that is analysed is always stiffer than the actual structure. 

This condition generally causes the stresses and moments to be over-

predicted in some areas of the structure and with each cycle of iteration, 

the stresses and moments are reversed in sign. As a result, the iteration 

solution may tend to oscillate around the true solution and in some cases 

may even diverge. In general, the convergence of the Iteration Method 

depends on the relative rigidities of the plate structure and the slab 

structure. In non-prismatic folded plates, these factors are influenced 

greatly by the shape of the plate elements. Further comments on applying 

the Iteration Method to the analysis of non-prismatic folded plates will 

be included in Chapter V. 

The principles of the Particular Load Method have been applied to 

the correction analysis for prismatic folded plates by Yitzhaki (22), In 

applying these concepts to the analysis of prismatic folded plates, the 

conditions of similar loadings and normal curve distributions are assumed 

to be satisfied. These conditions seldom exist in the case of non-

prismatic folded plate structures. Therefore, the principles of the 

Particular Load Method are extended in this investigation to cover the 

more general case of non-prismatic folded plates with non-similar loading. 
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The Particular Load Method displays a distinct advantage over the 

Iteration Method because the problem of correcting for the effects of 

relative joint displacements can be solved in the form of complete 

solution. This eliminates the uncertainties of oscillation and divergence 

that may be encountered in applying the Iteration Method. The over-all 

objective of the Particular Load Method is to remove the effects of the 

secondary holding forces. This can be accomplished by expressing the 

distributions of the secondary holding forces in terms of a linear 

combination of particular loading systems. In general, a particular 

loading system is a known loading condition for which a unique set of 

transverse moments, longitudinal stresses and deflections can be 

determined. Since the secondary holding forces are expressed in terms 

of a linear combination of a number of particular loading systems, the 

stresses resulting from their effect alone can be determined also by a 

linear combination of the stresses of each particular loading system. 

The transverse bending moments and the vertical joint deflections can 

be obtained in the same manner. A complete solution, which accounts for 

the effects of relative joint displacements, is then obtained by adding 

these results to those of the primary and secondary analysis. 

A particular loading can be formed by initially applying a known 

loading condition to the plate structure. A set of complementary holding 

forces which is required to bend the slab structure to conform to the 

deflected shape of the plate structure is then determined. The combination 

of the applied load and the resulting complementary holding forces then 
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constitute a particular loading system for which the stresses, transverse 

moments and deflections of the structure are known. 

The intensity of the secondary holding forces, AR̂  have been 
no, J 

determined at each interior node of the structure in the secondary 

analysis. On the basis of the assumption that the distribution of these 

forces along a joint varies as a second degree parabola between nodes, it 

is possible to establish a set of (nn x nij) statically equivalent 

concentrated holding forces, RĈ  one applied at each interior node. 
no, J 

In order to remove the effects of these concentrated forces a total of 

(nn X nij) particular loading systems will be required. 

Any type of applied loading condition can be used to initiate a 

system of particular loading. The only basic requirement on all particular 

loading systems is that they are linearly independent. Therefore, each 

applied loading used to initiate a particular loading system should be 

independent of all the other applied loadings. In this investigation, a 

particular loading system is formed by first applying a known concentrated 

force at a particular interior node of the plate structure. The 
no,j 

structure is then analysed for this loading condition by the same procedure 

as described for the primary analysis to determine the stresses and 

deflections introduced into the plate structure. A set of transverse 

moments and complementary holding forces, FÎ  ̂̂ , are introduced to make 

the deflected shape of the slab structure conform to the deflected shape 

of the plate structure. The analysis procedure at this stage is the same 

as described for the secondary analysis. The distribution of the 
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complementary holding forces FÎ  ,, along each joint can also be 
no, J 

expressed in terms of a set statically equivalent concentrated forces, 

FĈ  ., by assuming that the distribution between nodes varies as a 
no,j 

second degree parabola. The combination of the applied load, j, 

and all the complementary holding forces, FĈ  ., form a particular loading 
no, J 

system for which a unique set of stresses, moments and deflections 

associated with this loading system are known. A complete particular 

loading system will then consist of a total of (nn x nij) concentrated 

nodal forces, F̂  .. By initially applying a single concentrated force 
no,j 

at all the other interior nodes, a total of (nn x nij) particular loading 

systems can be formed in a similar manner. 

The secondairy holding forces are then expressed in terms of a linear 

combination of these particular loading systems by writing a set of 

(nn X nij) linear simultaneous equations. Each equation.is obtained by 

expressing the secondary holding force, AR® , at a particular interior 
no, J 

node of the structure in terms of a linear combination of the concentrated 

nodal forces at that same node, ., of all the particular loading 
no,j 

systems. A similar equation is written at each interior node to obtain 

the total set. By solving this set of equations, the coefficients, 

g*.... 6 ,... 6 .. can be determined which express the proportion of 
z X nn X m J 

each particular loading system that is required to remove the effects of 

the secondary holding forces. 

The stresses, moments and deflections resulting from removing the 

effects of the secondary holding forces are then determined by a linear 
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combination of the appropriate results of each particular loading system. 

These results combined with those of the primary and secondary analysis 

form the final stresses, moments and deflections. The analysis of the 

structure is now complete and the effects of relative joint displacements 

have been taken into account. 
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III. FORMULATION OF THE THEORY 

In a complete analysis of a non-prismatic folded place many 

of the analysis are continually repeated. Each phase also invcivaa 

certain basic operations that are usually performed ac all nodes iz 

structure. A formulation of these operations is preaented in this 

chapter. The basic assumptions used in the theory are suEcarized a 

discussion on the range of their validity is presented befors th-

is formulated. 

A. Basic Assumptions 

The following assumptions are used in the analysis o f  n o n - ^ r .  

folded plates: 

1. The material is homogeneous and linear elastic. 

2. The structure is monolithic. 

3. The structural behavior in the transverse direction is 

governed by a continuous one-way slab action. 

4. The plate elements act as beams spanning between end diaphragm#. 

The basic flexure formula applies in the analysis of the 

longitudinal stresses where the distribution is assumed to he 

linear over the depth of a plate. 

5. The plate deflections in the plane of a plate are controlled bv 

bending and are assumed to occur perpendicular to the neutral 

axis of the plate. Shear deformations are neglected. 
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III, FORMULATION OF THE THEORY 

In a complete analysis of a non-prismatic folded plate many phases 

of the analysis are continually repeated. Each phase also involves 

certain basic operations that are usually performed at all nodes in the 

structure. A formulation of these operations is presented in this 

chapter. The basic assumptions used in the theory are summarized and a 

discussion on the range of their validity is presented before the theory 

is formulated. 

A. Basic Assumptions 

The following assumptions are used in the analysis of non-prismatic 

folded plates: 

1. The material is homogeneous and linear elastic. 

2. The structure is monolithic. 

3. The structural behavior in the transverse direction is 

governed by a continuous one-way slab action. 

4. The plate elements act as beams spanning between end diaphragms. 

The basic flexure formula applies in the analysis of the 

longitudinal stresses where the distribution is assumed to be 

linear over the depth of a plate. 

5. The plate deflections in the plane of a plate are controlled by 

bending and are assumed to occur perpendicular to the neutral 

axis of the plate. Shear deformations are neglected. 
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6, The supporting end diaphragms are considered to offer infinite 

stiffness within the plane of the diaphragms and are assumed 

to be perfectly flexible in a direction normal to their own 

planes. 

7. The degree of taper of the plate elements is limited to a range 

in which the flexure formula yields a satisfactory prediction 

of the stresses. 

8. The plate elements are assumed to be in the shape of isosceles 

trapezoids, isosceles triangles or rectangles. 

9, The plane of a transverse nodal section is parallel to the 

supporting end diaphragms of the structure» 

10. All distributions of load and curvature vary according to the 

curve of a second degree parabola between nodal sections. This 

assumption reduces to a linear variation or uniform variation 

whenever the intensities specify such a distribution. 

The first six assumptions stated above are the same as those used in 

Ordinaxry Folded Plate Theory for the analysis of prismatic structures. 

Some of the remaining assumptions which mainly pertain to the degree of 

taper of the non-prismatic plates require some discussion on the range of 

their validity. 

In the proposed theory, the longitudinal stresses in the plate 

elements are computed on the basis of the basic flexure formula. The 

validity of applying the flexure formula to the bending analysis of tapered 

plates has been discussed by Tlmoshenko (15,16). A comparison of the 
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flexure formula to the mathematical solution of the bending of a wedge 

shows that stresses predicted by the flexure formula are nearly exact 

if the angle of taper, â , is less than 5°. The flexure formula is 

shown to under-predict the stresses at the edges of the plate by 3.0%, 

5.3% and 9.4% as the angle of taper, oî , Increases to 10*, 15° and 20® 

respectively. It should be noted, that the angle of taper, only 

defines half of the full angle of taper as shown in Fig. 9. These 

predictions show that no serious limitation is placed on the theory as 

a result of using the flexure formula, since it is doubtful that 

structures of this type would be designed with taper angles, ot̂ , larger 

than 15° for aesthetic reasons. When the plate elements have larger 

tapers, the structural behavior will be closer to that of pyramid 

structures. The behavior of this type of a structure is not considered 

in this study. Many simplified theories for analysis of pyramid 

structures have been presented by Bom (5,6), 

As stated in the assumptions, the plate elements are assumed to be 

in the form of isosceles trapezoids, isosceles triangles or rectangles. 

In a general non-prismatic folded plate, this assumption may be slightly 

violated. For example, it can be shown by gMmetry that If one 

longitudinal edge of a trapezoidal plate element is in the horizontal 

plane and the two parallel sides are parallel to the vertical end 

diaphragms, the requirements of an isosceles trapezoid can only be met 

if the plate slopes at 45° to the horizontal. When the bottom edge is 

inclined to the horizontal, the conditions of an Isosceles trapezoid 
* 
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will be satisfied by some other plate slope. The basic geometry of a 

non-prismatic folded plate is in general very complex. In order to 

determine a specific geometrical form in which all the plates are truly 

isosceles trapezoids or triangles, a set of complicated geometrical 

relationships must be satisfied. In such a case, the structural 

configuration which results may not be desirable. In the analysis of 

the structures considered in this investigation, certain geometrical 

approximations were used. In cases where the plate elements did not 

take the exact shape of an isosceles trapezoid, the average.length of 

the edges of all plates was used to define a common edge length. In 

addition, the neutral axis was defined from the mid-depth at each end 

of the plate as shown in Fig. 12. It was then assumed that the elements 

formed isosceles trapezoids by the geometrical approximations also shown 

in Fig. 12. These approximations will introduce a negligible amount of 

error within the range of taper angles which are valid for stress 

predictions by the flexure formula. 

Another basic assumption is that the structural action in the 

transverse direction is controlled by one-way slab action* This same 

assumption is used in Ordinary Folded Plate Theory for the analysis of 

prismatic folded plates. In both cases, the assumption is violated 

mainly in localized regions near the supports where two-way slab action 

actually occurs. It is generally considered that one-way slab analysis 

can be applied to rectangular plates if the length to depth ratio is 



www.manaraa.com

24 

greater than 2, On the basis of this criterion the amount of load 

transferred in the longitudinal direction is usually negligible. 

One-way slab analysis tends to over-predict the transverse moments 

especially near the widest end of tapered plates. In other regions 

where the plates are narrower, except at the supports, this assumption 

should be much more valid. Compared to the assumptions used for 

prismatic elements, it would seem quite conservative if the ratio of the 

length to the widest depth of tapered plates is restricted to values 

larger than 2. If this criterion is used, the angle of taper, â , for 

a triangular plate would be limited to approximately 14°. The angle of 

taper for trapezoidal plates should be somewhat smaller because of the 

added plate width. It should be noted that the flexure formula predicts 

the stresses within 5% if the angle of taper, â , is limited to 14°. In 

general, the combination of the lower limit on the length to maximum 

depth ratio and the maximum angle of taper will depend on the accuracy 

that is desired. 

The assumptions that are used in the analysis of non-prismatic 

folded plates are within the same range of validity as those used in 

Ordinary Folded Plate Theory. Folded plate structures of this type are 

usually referred to as "long folded plates". 

B. Sign Conventions 

In many parts of the formulation, the typical non-prismatic folded 

plate shown in Fig. 2 will be used as a reference structure. The notation. 
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co-ordinate systems and sign conventions which define the geometry of 

this structure are given in Figs. 12, 13, 14 and 15. Particular 

reference should be made to the node-joint notation given in Fig. 13. 

The sign conventions used for forces, moments and deflections are 

designated in the positive sense on all the figures presented in this 

chapter. Several of the most basic sign conventions are defined below: 

1. Surface loads and joint loads are positive when directed 

doxmward. 

2. Reactions and holding forces are positive when directed 

upward. 

3. Plate loads are positive when directed toward the preceding 

j oint. 

4. End-action shears are positive when directed upward. 

5. End-action moments and plate load moments are positive if 

counterclockwise. 

6. Translational displacements are positive when directed upward. 

7. Rotational displacements are positive in a counterclockwise 

direction. 

8. Plate deflections in the plane of a plate are positive when 

directed toward the preceding joint. 

9. Vertical joint deflections are defined positive when directed 

downward. 

10. The longitudinal stresses and strains are considered to be 

positive when tensile. 
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C. Transverse Bending Analysis 

One of the most frequently repeated steps in the analysis of a non-

prismatic folded plate is the transverse bending analysis. At any phase 

of the analysis, the transverse bending moments and joint reactions are 

computed on the basis of the assumption that the structure acts as a 

continuous one-way slab at every nodal section. In the first stage of 

the primary analysis, it is assumed that surface loads are transferred 

to the longitudinal joints by one-way slab action. • A transverse bending 

analysis is also required to account for the effects of relative joint 

displacements. In this phase, the secondary transverse moments and 

holding forces are introduced when the deflected shape of the slab 

structure is forced to conform to the deflected shape of the plate 

structure. In addition, a complete transverse bending analysis is 

required to determine the moments and complementary holding forces for 

each particular loading system. A complete transverse analysis at any 

given phase requires an independent analysis at each nodal section 

because the geometry of each cross-section is different. In a structure 

that contains 4 interior joints and 15 nodal sections, as many as 930 

independent transverse bending analyses are performed. It is evident 

from these considerations that the transverse slab analysis must be 

formulated in general terms and in an orderly manner. 

A general matrix formulation based on a basic stiffness method was 

used in this Investigation. This choice was made because a stiffness 

method is normally more suitable for canputer programming. In this method. 
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the choice of the basic restrained structure is limited to one possibility 

and the analysis involves only localized effects. These advantages are 

not generally true in applying a basic flexibility method where a number 

of choices of redundants are usually possible and the effects may not be 

localized. 

The stiffness method used in this investigation is basically the 

same as the method presented by Gere and Weaver (9) for the analysis of 

continuous beams. Modifications have been made to the basic stiffness 

matrices so that a general cross-sectional shape can be analysed on the 

basis of the horizontal projection. This method will be presented only 

in sufficient detail to illustrate the basic formulation approach. A 

more detailed presentation on the concepts is given in Gere and Weaver 

(9). 

The typical transverse nodal section shown in Fig. 16 will be used 

for specific reference in the discussion to follow. In this discussion, 

the cross-sections of the basic plate elements will be referred to as 

"members" and the moments and shears that are developed at the ends of 

the members will be generally referred to as "end-actions". It will be 

assumed that the support conditions at the joints supply full restraint 

in the vertical direction, but allow free translation in the horizontal 

direction. The only displacement components that will be considered are 

vertical translation and rotation in the plane of the structure. 
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1, Stiffness method 

In a basic stiffness method, the unknown forces such as shears, 

end moments and reactions can be expressed in terms of the fixed end-

actions resulting from the loading and the end-actions caused by the 

joint displacements. A stiffness matrix is generated and defined by 

the end-actions that are developed as a result of applying separate 

unit displacements of translation and rotation to each joint of the 

basic restrained structure, shown in Fig, 17, When load is applied to 

the restrained structure a set of fixed end-actions and reactions are 

determined which satisfy the condition of compatibility of displacements, 

but violate the condition of equilibrium at the joints. The unknown 

displacements of the structure are then determined on the basis that 

joint equilibrium must be restored. In the structural systems being 

considered, the kinematic degrees of freedom can be expressed as follows: 

n = 2nj - nr 

where n = number of degrees of freedom, 

nj = number of joints, and 

nr = number of restraints. 

The following matrix equations are used to formulate the stiffness 

method at a specific nodal section, no, 

= '=lno «'no »> 
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where (AD) = the column vector of end-actions (shears and 
no 

moments) corresponding to the degrees of 

freedom of the system, 

[S] = the stiffness matrix corresponding to the 
no 

degrees of freedom, 

{D} = the column vector of unknown displacements 
no 

corresponding to the degrees of freedom, and 

no = the subscript indicating that these matrices 

are for nodal section no. 

The unknown displacements can be determined by solving Eq, 1, 

'•"no = 'S'no 

The final reactions and end-actions may then be determined from the 

following matrix equations: 

'AR'no = (AW).. + [smln. (3) 

««no.l 

where {AR} = the column vector of unknown reactions, 
no 

{AEL} = the column vector of reactions in the restrained 
no 

structure resulting from the applied load, 

corresponding to the unknown reactions. 
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[SED]̂  ̂ = the stiffness matrix of end-actions 

corresponding to the support restraints 

which are caused by unit displacements 

corresponding to the degrees of freedom, 

{AM} . = the column vector of unknown end-actions 
no,i 

for the member 1, 

{AML} .= the column vector of fixed end-actions for 
no,i 

the member i, 

[SMl . = the basic member stiffness matrix for member 
no,i 

1, and 

{DM} . = the column vector of displacements corresponding 
no 11 

to the ends of the member i. 

The stiffness method used in this investigation was formulated in 

terms of an over-all joint stiffness matrix which is generated to include 

all possible joint displacements, those corresponding to the degrees of 

freedom of the system and those corresponding to the restrained portions. 

This approach differs from the usual one in which the stiffness matrix is 

formulated in terms of the degrees of freedom only. The advantage of 

using this approach exists in the fact that the stiffness matrix can be 

formulated in general terms without reference to the actual joint restraint 

conditions and it can be partitioned later according to the actual degrees 

of freedom and restrained portions of the structure. This approach is 

particularly advantageous when the analysis is programmed for a digital 
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computer, A formulation on the basis of an over-all joint stiffness 

matrix requires that the structure is subjected to loads acting only 

at the joints* This condition is usually not satisfied by the actual 

applied loading condition where distributed load may act on the members. 

To account for this condition, loads which act on the members are 

replaced by statically equivalent Joint loads, AE, The total combined 

joint loading, AC, is then obtained by adding the actual joint loads, 

AJ, to the equivalent joint loads, AE, The equivalent joint loadings 

are formed from the fixed end-actions which result when the surface 

loads are applied to the restrained structure. 

2, Formulation of the over-all joint stiffness matrix 

A generalized notation system used to refer to the joints and 

members at a typical nodal section is shown in Fig, 18a, In this figure, 

the horizontal projection is used in lieu of the actual cross-section. 

The numbers on the top refer to the members while those on the bottom 

refer to the joints. It should be noted that the index of joint j is 

numerically equal to the index of member i, while the index of joint k 

is equal to i+l. 

All possible joint displacements for a general cross-section are 

shown in vector symbols in Fig, 18b, These displacements are numbered 

in a sequence of translation, then rotation, proceeding from left to 

right. The rotational displacement vector follows the standard right 

hand rule. The four possible end-displacements for a member, i, are 
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given in Fig. 18c. The notation for the member end-displacements are 

related to the notation for the joint displacements by the following 

expressions: 

jl = 2i - 1 

j2 = 2i 

kl = 2i + 1 

k2 = 2i + 2 

The over-all joint stiffness matrix, is formed from the 

contributions of the individual member stiffness matrices, 

In order to analyse a general shape of cross-section as shown in Fig. 16 

on the basis of the horizontal projection, and to determine the final 

joint reactions in the vertical direction, the member stiffness matrices 

must be formulated in a specific manner. The stiffness coefficients 

which correspond to translation are determined on the basis of unit 

displacements in the vertical direction rather than perpendicular to 

the members. When this approach is used, all end-action shears must 

also be defined in the vertical direction. The member stiffness matrix 

for a typical sloping member is formulated by considering the end-actions 

which result from applying all four unit displacement components 

separately as shown in Fig. 19. The resulting member stiffness matrix 

is given by the following relationship: 
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" +12EI , +6EI , -12EI , +6EI , 
no.i no.i no.i no.i 

d ĥ  d jh d ĥ  d ĥ . 
no,i no,i no,l no,l no,l no,l no,l no,l 

+6EI , +4EI . -6EI . +2EI , 
no.i no.i no.i no.i 

d . h .  d , d . h .  d j 
no,i no,l no,l no,i no,l no,i 

-12EI , -6EI , +12EI . -6EI , 
no.i no.i no.i no.i 
2 

d ,h , d jh d ,ĥ  d jh 
no,l no,l no,l no,l no,l no,l no,i no,i 

+6EI , +2EI , -6EI , +4EI , 
no.i no.i no.i no.i 

d ,h d j d jh d , 
L no,i no,i no,l no,l no,l no,l J 

(5) 

where E = the modulus of elasticity of the material 

the moment of Interla of a unit width of slab for member 

(plate) 1 at nodal section no, 

the depth of the member 1 at nodal section no, and 

the horizontal projection of the depth d̂  ̂

no,i 

no,l 

\o,l 

The over-all joint stiffness matrix Is then formed by considering the 

stiffness coefficients of each member stiffness matrix contributing to 

a single joint. As shown in Fig. 20, the joint stiffness matrix 

coefficient can be obtained by adding the contributions of the member 

stiffness matrices. The joint stiffness coefficients, shown in Fig, 20a, 

which result from a unit vertical displacement at joint j are given by 

the following equations: 
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<•<3 T\ 

(6) 

(SJ)no,k2,jl " 

The notation used in these equations is defined in the following typical 

examples: 

j2 caused by a unit displacement in the direction 

jl, at nodal section no. 

(SM,,) . 1 = the coefficient at the 4th row and 3rd column of 
43 no,i-l 

the member stiffness matrix for member i-1, at 

nodal section no. 

All the other stiffness coefficients at Joints j and k caused by the other 

three unit displacements are given in Fig. 20. 

By a thorough examination of the joint stiffness coefficients, it can 

be seen that the member stiffness coefficients contribute to the joint 

stiffness coefficients in a regular pattern. The basic groupings of the 

member stiffness matrices for the typical cross-section shown In Fig. 21a 

are illustrated in the joint stiffness matrix representation shown in Fig. 

21b. In this matrix, all the possible joint displacements shown in Fig. 

21a have been considered. The individual cross-hatched blocks represent 

the individual member stiffness matrices and all elements outside the 

cross-hatched section are zero. The over-lapping portion of the blocks 

(SJ) = the joint stiffness coefficient in the direction 
no,J/ ,j i 
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represents the coefficients of the joint stiffness matrix which are com­

posed of elements from both of the adjacent member stiffness matrices. 

It should be noted that the matrix is 12x12 since two displacement con­

ditions are possible at each joint* 

The over-all joint stiffness matrix at this stage has been formu­

lated in terms of all possible joint displacements. In order to obtain 

the final solution to the problem, however, the stiffness matrix corres­

ponding to the degrees of freedom of the system and that corresponding 

to the restrained portion of the structure must be known. These matrices 

can be obtained by rearranging and partitioning the basis joint stiffness 

matrix in Fig, 21b. 

The rearranged joint stiffness matrix for the structure shown in 

Fig, 16 is given in Fig. 22b, To obtain this matrix, the rows and columns 

of the original joint stiffness matrix, shown in Fig, 21b, are switched 

80 that the stiffness coefficients which pertain to the actual degrees of 

freedom are placed in the first eight rows and columns of the matrix in 

Fig, 22b, At the same time, the stiffness coefficients which pertain to 

the restrained displacements are placed in the last four rows and columns 

of the matrix in Fig, 22b. The numbers shown at the bottom and to the 

right of the matrix in Fig, 21b indicate the new positions of the elements 

in the matrix in Fig, 22b, When the joint stiffness matrix is rearranged 

in this manner, it is equivalent to generating the matrix according to the 

numbering system for the displacements shown in Fig, 22a, In this new 

numbering system, the displacements which correspond to the actual degrees 

of freedom of the structure shown in Fig, 16 have been numbered in 

sequence from left to right in order of translation, then rotation at each 
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joint. The remaining restrained displacements are then numbered in 

sequence in the same manner. The rearranged joint stiffness matrix is 

partitioned in the manner designated by the dotted lines in Fig, 22b, 

The individual submatrices in each partitioned portion consist of 

>""no 

' s 1 SDR 
1 
1 

SRD 

1 
1 
1 SRR 

(7) 

where the submatrices in this equation are defined as: 

[S]̂  ̂ = the stiffness matrix corresponding to 

the degrees of freedom of the system 

(8x8 for the example structure), 

[SRD]̂  ̂ = the stiffness matrix corresponding to 

the support restraints, 

T — 
[SDR]̂ Q = [SRD]̂  ̂ = the matrix of actions corresponding 

to the degrees of freedom and caused 

by unit displacements corresponding 

to the joint restraints, and 

[SRR]̂  ̂ " the matrix of actions corresponding 

to the support restraints caused by 

unit displacements corresponding to 

the same set of restraints. 

The submatrices [SDR]̂  ̂and [SRR]̂  ̂may be used in the analysis of 

structures in which displacements such as support settlements are speci­

fied. The support conditions for the structure in Fig. 16 are assumed to 

be fully restrained in the vertical direction; therefore, these two 
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submatrices are not required. The submatrices [S]̂  ̂and [SRD]̂  ̂of the 

partitioned joint stiffness matrix are required for the solution of the 

basic stiffness analysis and will be used in the solution of Eqs. 1, 2, 

3 and 4. 

The operations of rearranging the joint stiffness can be programmed 

for the digital computer by specifying a joint restraint list for the 

structure. The joint restraint list simply designates the particular 

displacement components that are restrained in the actual structure and 

those that are free to displace. A restraint condition can be designated 

by the index 1 and a condition of no restraint by the index 0. When the 

rearranged joint stiffness matrix is generated in the computer with the 

aid of the joint restraint list, the matrices [SDR]̂  ̂and [SRR]̂  ̂are not 

formed because they are not required in the analysis. À detailed explana­

tion of programming the computer to perform these operations with the aid 

of the joint restraint list is given in Gere and Weaver (9). 

3. Fixed end-actions 

Before a final solution can be obtained, the matrices corresponding 

to the loading conditions on the structure must be determined. In the 

case of the primary analysis, the fixed end-actions are caused by the 

applied surface loading, while in the correction analysis, fixed end-

actions are Introduced by the effects of relative joint translations. 

The basic applied loading that was considered is shown in Fig. 23 where 

the distribution of live load, is based on the horizontal projec­

tion. The distribution of dead load, must be modified to account 

for the slope of the plate elements in the longitudinal direction of the 

structure. The dead load per unit width of slab is then given by the 
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equation 

y' t̂  Lnâ  

'̂ DLl L (8) 

where y' = the unit weight of the slab material, 

tĵ  = the thickness of the plate i, 

Lnâ  = the length of the neutral axis of the plate i, and 

L = the span of the structure between the end diaphragms. 

The resultant load on the member,  ̂shown in Fig, 23, is given by 

the expression 

T̂no,i " \Li ̂ho,i * ̂DLi ̂ no,i 

The fixed end-actions for the primary analysis, designated in Fig. 23, 

are then determined on the basis of the horizontal projection of the 

cross-section by the following expressions: 

'«'•no.l.l •= ̂  

"̂ no.l.S • ̂  

AML = 

where 

no,1,4 12 

AML , , = the fixed end shear at the left end of member i 
no,1,1 

at nodal section no, 

AML . _ = the fixed end moment at the left end of member 1 
no,1,2 

at nodal section no. 

n̂o 
. « " the fixed end shear at the right end of member 1 
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at nodal section no, and 

AMLno £ 4 ~ the fixed moment at the right end of member 1 

at nodal section no. 

Other loading conditions applied to the structure would of course produce 

other fixed end-actions. 

In the correction analysis phase of the problem, fixed end-actions 

are caused by relative joint displacements. The fixed end-actions result­

ing from translation of the joints may be expressed in terms of the 

vertical deflections of the joints, 5v ,, or the displacements per-
no ,j 

pendlcular to the member, In either case, the shearing forces 

must be determined in the vertical direction to correspond with the 

derivation of the stiffness matrix and so that the final joint reactions 

will be in the vertical direction. The fixed end-actions shown in Fig, 

24, expressed in terms of the relative displacements perpendicular to 

the member, are given by the equations: 

AML 
~  ̂̂ no.l ̂ no.l 

no,1,1 jZ h , 
no,l no,l 

-6 E I , A , 

««•no.1.2 

no,i (11) 

+ 12 E I , à , 

no,l no,i 

- 6 E I . A . 

no,i 

4. Equivalent and combined joint loads 

The fixed end-actions given above must now be used to form a set of 
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equivalent joint loads. The end-actions are applied to the joints as 

shown in Fig, 25 and the equivalent joint loads, AE ., are determined 
no J J 

by writing two equations of equilibrium at each joint. The equivalent 

joint loads at joints j and k, shown in Fig, 25, are given by the follow­

ing expressions; 

(12) 

n̂o,2j-1 ' = - ̂ no,i-l ,3 - AMLno.i,! 

n̂o,2j = - ̂ So,i-l ,4 ' ̂̂no,i,2 

n̂o,2k-1 ' n̂o,i,3 " ̂ %o,i+l ,1 

n̂o,2k : - AMLno,i,4 - ̂ no,i+l ,2 

and the column vector of all equivalent joint loads, {AE}̂ ,̂ takes the 

form 

AE 

AE 

AE 

no AE 

AE 

AE 
no,l 

no,2j-l 

'no,2j 

no,2k-l 

no, 2k 

(13) 

AR 
no,2m+2 

The joint notation for the equivalent joint loads is the same as the 

notation used to designate the joint displacements shown in Fig, 18b, 

The subscript m denotes the last member in a nodal section. 

In the case of the primary analysis, the structure may also be sub­

jected to actual joint loadings. In this case, the total combined joint 
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load vector, is formed by adding the actual joint load vector, 

{AJ}̂ ,̂ to the equivalent Joint load vector given by the matrix equation 

= '"'no + 

When the structure is being analysed for the effects of relative joint 

displacements, all elements of the joint load vector, {AJ}̂ ,̂ are set 

equal to zero. 

The combined joint load vector must now be rearranged in the order 

of the numbering system given in Fig. 22a where the loads corresponding 

to the degrees of freedom portion are listed first, followed by those 

that correspond to the joint restraints. This operation may also be 

accomplished in the computer with the aid of the joint restraint list. 

The rearranged vector (ACl̂  ̂is then partitioned as show below; 

AD 

- ARL 

(15) 

-"no 

5. Joint reactions and transverse bending moments 

The submatrices in Eq. 15 are now used to complete the solution to 

the transverse bending analysis. Joint displacements corresponding to 

the degrees of freedom are determined by the relationship: 

<"no - ""'no 

where {AD} is the upper submatrix of vector {AC} . 
no no 

The support reactions may also be determined by the following matrix 

equation; 

{M'n„ - (3) 
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The joint reactions, given in vector {AR}̂  ̂are then rearranged in the 

order of the original numbering system shown in Fig, 21a. This may also 

be accomplished by the aid of the Joint restraint list in the computer. 

Before the final end-actions such as the transverse moments and 

shears can be determined, an over-all Joint displacement vector 

must be formulated. The elements of {D} are positioned in {DJ} 
no no 

according to the original numbering system given in Fig, 21a, All the 

other displacements in the vector which correspond to the 

restraints are set equal to zero. The joint displacement vector now 

consists of the displacements which correspond to the ends of each con­

secutive member as shown below; 

{DJ} 
no 

D 

no,l 

no, 2 

n̂o,3 

n̂o,4 

D c no,5 

n̂o,6 

D 

D 

no,2j-l 

'no,2j 

no,2k-l 

D 
no, 2k 

{DM} 
no,l 

{DM} 
no,2 

(16) 

{DM} 
no,i 

no, 2m+2_ 

The end-actions for each individual member are then determined from 

Ecj. 4, I 
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and the transverse bending analysis is complete. It should be noted that 

the elements of  ̂correspond to the shears and transverse bending 

moments at the ends of the meiAer 1 at nodal section no. The relation­

ship between the notation used to define the transverse moments on the 

members and that used to define the transverse moments at the joints is 

shown in Fig. 26. 

This method of analysis may appear to be quite long and involved. 

It should be emphasized, however, that an independent analysis must be 

performed at each nodal section to obtain a complete transverse bending 

analysis at any stage of the problem, VThen this method is programmed for 

the digital computer, these repetitive computations can be performed in 

short order. By the aid of the joint restraint list, the transverse 

support conditions can also be varied. In this study, the conditions of 

free and simply supported outer longitudinal edges were considered. Con­

ditions of joint symmetry may also be used by specifying in the joint 

restraint list an additional rotational restraint at the interior joint 

of symmetry. 

In the analysis of a particular structure, the joint stiffness 

matrices for each nodal section can be formulated at the beginning of 

the analysis because they depend only upon the properties of the cross-

section. The stiffness matrix corresponding to the degrees of freedom 

portion of the structure, [S]̂ ,̂ at each nodal section, is then Inverted 

and stored in the computer along with the original stiffness matrix 

corresponding to the restrained portion [SRD]̂ ,̂ At any stage where a 
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complete transverse bending analysis is required, a new set of fixed end-

actions at each nodal section are introduced and the analysis may be 

performed by recalling these stored matrices. It may be noted that for 

the typical structure shown in Fig. 4, an 8x8 matrix must be inverted 

for each nodal section. 

D. Plate Analysis 

1. Resolution of joint loads 

During the primary analysis and in each cycle of the Iteration 

Method, the joint reactions, AR are applied to the plate structure 
no, J 

to form the intensities of joint loading, RI .. These joint loads are 
no, J 

then resolved into the plane of the plates at each node to form the plate 

load intensities, PI . , , This same operation is performed in the 
no,j,k 

correction analysis by the Particular Load Method, In this case, the 

concentrated nodal force, ,̂ which is applied at a specific interior 

node of the structure to initiate a particular loading system, is re­

solved into the plane of the adjacent plates. 

The plate loads which are obtained from the resolution of forces on 

the articulated plate structure, shown in Fig. 27, are given by the 

following expressions; 

• " ""il 

where =» the slope of the plate 1-1 with respect to the 

horizontal. 
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= the slope of the plate i+1 with respect to 

the horizontal, 

 ̂= the deflection angle between plates i-1 and 

i, and 

= the deflection angle between plates i and i+1. 

The total plate load intensity, PL̂ Q ̂  is then determined from the 

contributions of the two adjacent joint loads 

2. Plate load bending moments 

In the case of the primary analysis and the Iteration Method, 

the plate load intensities are determined at each nodal section of each 

plate, It is then assumed that each plate acts independently and that 

the distribution of plate load between nodal sections varies as a 

second degree parabola. The distributed load along the neutral axis 

is expressed in terms of a number of statically equivalent concentrated 

forces, PĈ Q which are applied at each nodal section as shown in Fig, 

8, These concentrated plate loads can be determined by the following 

equation: 

&na. 

= -ÏT + W f̂ o.I + flrw+l.!' eo) 

where Anâ  = the length between nodal sections along the neutral 

axis of plate i. 

It should be noted that the plate load intensities, PL ., and PL' ., 
o,i' o,i* 

in Fig, 8, can be obtained by a linear or parabolic extrapolation of 

the interior plate loading. 

On the basis of statics, the modified reaction at the left support. 
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R&̂ , shown in Fig, 8 is given by the equation, 

RĴ i = [PĈ  ̂ (Lnâ -&nâ ) + PĈ  ̂ (Lnâ -2&nâ ) +,,. (21) 

+ PC . (Lna.-(nn)x&na.)] . 
n n , 1 1  1 

The plate load bending moments, at the nodal sections are 

also determined by statics and are given by the following equations; 

MÔ  (&nâ ) 

MO2 ̂  (2£nâ ) - PĈ ^̂ CAnâ ) (22) 

MO3 j. = R&. (3&na_) - PĈ  ̂ (2%nâ ) - PĈ  ̂ (&nâ ) 

etc. 

3. Derivation of the Modified Three Shear Equation 

In the plate load bending analysis, each plate is assumed to act as 

an independent beam* Consequently, the stresses developed at the common 

edge of two adjacent plates are not equal, A condition of strain com­

patibility must be satisfied along each joint which infers that the 

stresses parallel to the common edge must also be equal. This condition 

of stress compatibility is given by the following relationship; 

î,j ° ̂1+1,j 

where f, . = the stress parallel to the joint j in plate i 
i»j 

along joint J, and 

j = the stress parallel to the joint j in plate 1+1 

along joint j. 

In order to satisfy this compatibility requirement a distribution 

of unit shearing forces q̂  must be introduced along the common joint 

as shown in Fig, 28. The longitudinal,stresses parallel to the joint 
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can be expressed in terms of the stresses parallel to the neutral axis 

and the unit shearing forces by considering the equilibrium of forces 

on two elemental plate sections shown in Fig, 29. The expressions for 

these stresses are: 

f 2q, tan a. 
£. , = L 1 (24) 

cos î 

where f. . = the longitudinal stress parallel to the neutral 

axis in plate i at joint j, and 

f. , . = the longitudinal stress parallel to the neutral 

axis in plate i+1 at joint j. 

By substituting Eqs. 24 and 25 into Eq. 23 the condition of matching 

stresses is given by the following relationship: 

- 0  ( 2 6 )  
COS cos  ̂ i i+1 

The stresses parallel to the neutral axis at a specific nodal sec­

tion no can be expressed in terms of the plate load bending moments, 

MO ., and the unknown shear forces, T ,, shown in Fig, 28, The 
nO|X xiO|j 

stress developed parallel to the neutral axis of plate i at joint j is 

given by the equation: 
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f „ _ 3a2jil + ̂ n̂b.l " 

n̂o.i \o,l 
(27) 

, (Tno.i + ̂ no.1-l>̂ no.i C'**! 

2 Zno.i 

where it is assumed that tensile stresses are positive and 

A . = the cross-sectional area of plate i at nodal 
no,i 

section no, and 

Z . = the section modulus of plate i at nodal 
no,l 

section no. 

Similarly, the stress parallel to the neutral axis of plate i+1 at joint 

j is given by the following equation: 

•f = + ̂ n̂o.i+1 + ̂ n̂o.m ° ̂no.1̂ °̂̂ °i+l 

no, i+1, j Ẑ o,i+l \o,i+l 

^̂ no.i+1 n̂o.î  ̂ no.i+1 '̂ °°"i+l 

2 %no,i+l 

(28) 

The relationship between the unit shear force, q̂  and the total 

shear force, T̂ , is given by the equation; 

q. - ̂  (29) 
J dx 

where the variable x defines the length along the Joint j. 

The equation for the unit shear force q ,, at a specific nodal 
no, j 

section, no, can be expressed in numerical form in terms of the shear 

forces at the two neighboring nodes, no+1 and no-1 along the same joint. 

This is accomplished by writing Eq, 29 in terms of the central finite 

difference expression for the first derivative, given by the equation; 
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q = ̂ no+1,,1 " ̂no-i,j (30) 
%o, j 2Ae 

where &e = the edge length of the plates between nodal sections. 

When Eqs, 27, 28 and 30 are substituted into the condition of 

matching stresses, Eq. 26, the final expression to be known as the 

Modified Three Shear Equation is obtained. This expression is given 

by the following relationship: 

r  ̂ IT + \ù(  ̂ + )1T 
Ano,i+iC°s»l+l ""•J 

„  ̂ tana. tana.,̂  

+ 'A .COSC..'"„O.J-1 + + 
IXO y X X 1 IT X 

no,i i 

, °̂no.i+l 

(31) 

Zno,i+lC°ŝ *i+l 

or, in terms of a set of coefficients and a constant; 

^̂ no,j+l̂ \o,j+l (̂ no,j)̂ no,j """ ^̂ no,j-l̂ n̂o,j-l 

(̂ no+l,j)̂ no+l,j (̂ ĥo-l,j)̂ no-l,j " ̂no,j 

where the coefficients are defined as: 

(32) 

AA + 
Ano.l+lC°*°l+l 

AA . = + 4(-
Ano.!:***! \o.l+l=°=°l+l 

AA +2 
A.o,lC°s°l 
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, tana. tana.,, 
pj, = _ JL.( 1 + —Hi) 
no+l,j t̂  t̂ ^̂  ' 

, tana. tana.., 

and the constant on the right hand side of the equation is given by! 

C . M°n6,l + ̂ n̂o.i+l 

âo,i n̂o.i+1 

The Modified Three Shear Equation is generally valid for matching 

stresses at the common edge of the two tapered plate elements. For pris­

matic cases the angles of taper and are zero, and the "Modified 

Three Shear Equation" reduces to the "Ordinary Three Shear Equation" 

which Is valid at all sections and is given by the expression: 

2 11 2 MOĵ  ^̂ i+1 

4. Matrix formulation of the Modified Three Shear Equations 

In order to match the stresses at every section along each joint, 

the Modified Three Shear Equation must be written at an infinite number 

of nodes. It is impractical if not impossible to satisfy this require­

ment. However, the problem can be solved with sufficient accuracy by 

matching the stresses at a finite number of nodal points. This is 

basically the same approach that is used in the solution of boundary 

value problems by finite difference methods. 

The unknowns involved in writing the Modified Three Shear Equation 

at a particular node are the shear forces at three joints on the same 

nodal section and the shear forces at the two adjacent nodes along the 
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same joint. At a particular node, the coefficients j, defined in 

Eq, 32, are known constants and the constant C , is defined in terms 
no,j 

of the known plate load bending moments,  ̂and the plate geometry. 

If the Modified Three Shear Equation is written at all interior nodes 

of the structure the unknown shear forces at the boundaries will be 

included. The boundary condition of zero shear exists at each joint 

along the end diaphragms since it is assumed that these diaphragms serve 

as simple supports. When the outer longitudinal edges of the structure 

are free or simply supported, the boundary condition of zero shear also 

exists at all nodes along the outer edges. It should be noted that this 

same boundary condition would also be specified at an interior joint of 

symmetry. 

By writing the Modified Three Shear Equation at all interior nodes 

taking into account the specified boundary conditions, a set of (nnxnij) 

linear simulaneous equations can be formulated and solved to determine 

the unknown shear forces. In order to solve this set of equations on 

the digital computer, the notation system must be orderly. The equations 

are formulated according to the new notation system for the shear forces 

T' and the co-ordinate system shown in Fig, 30, The Modified Three 

Shear Equation is written first at all interior nodes of the first nodal 

section proceeding in the direction of the positive z axis. The remain­

ing equations are then written at all the other nodal sections in the 

same manner, proceeding in the direction of the positive x axis. The 

resulting matrix equation written in standard matrix notation takes 

the form: 
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AAĵ l AÂ 2 ̂ 13"" •̂ l.nn x nij 

2̂1 ̂ 22 ̂ 13"" ̂2,nn x nij 

AÂ 
nn X nij,l' 

AA nn X nij,nn x nij 

-TJ - 1̂ 

!•  2̂ 

T* S 

T» 
nn X nij 

c* 
nn X nij 

(34) 

which may be written as, 

[AA] (l'} = fc) 

The shear forces at all interior nodes are then determined by solving 

Eq. 35, resulting in the following expression; 

{T'} = [AA]"̂  {C} 

(35) 

(36) 

The vector {T'} is then rearranged according to the actual node-joint 

notation shown in Fig, 30 to give the vector (T) The relationship 
no, J 

between these two shear force vectors is given below: 
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^1,2 T- • 

^1,3 

l̂,nj-l 
= 

e  

n̂ij 

^2,2 t' 
nij+1 

T  
2,3 

m l  

nij+2 

T 
nn,nj-l 

T» 
nn X nij 

After the shear force vector {T} . has been formed, the matched 
no,J 

longitudinal stresses, f . ., at the edges of the plates, parallel 

to the neutral axis, are determined by substituting the proper shearing 

forces from the vector {T} . into Eq. 27 or 28, 
no,J 

As a specific example of formulating these equations, consider the 

typical structure shown in Fig. 31a where only three nodal sections 

have been used. The matrix [AA] is given in Fig, 31b where each row 

of the matrix represents the coefficients of the Modified Three Shear 

Equation, Eq. 32, written at a specific interior node of the structure. 

The order in which these equations are written is designated by the node-

joint numbering system on the left hand side of the matrix. The 

coefficients in the matrix are numbered in standard matrix form. 

As shown in Fig. 31b, the matrix [AA] is banded about the main 

diagonal and contains two diagonal lines of elements positioned slightly 



www.manaraa.com

54 

away from the main diagonal. These diagonal lines are a result of the 

inter-relationship of the shears at nodes no+1 and no-1 when the 

Modified Three Shear Equation is written at node no. It is interesting 

to note that when the structure is prismatic or if the effect of taper 

is neglected, the matrix reduces to the coefficients shown in the three 

larger blocks in Fig, 31b. Each of these blocks would then represent 

the coefficients of the Ordinary Three Shear Equation if it were 

written at all joints of a particular nodal section. In the case of a 

prismatic structure, only one of these individual submatrices shown in 

the larger blocks needs to be inverted and this inverted matrix could 

then be used for the analysis at all nodal sections. On the other hand, 

if the plate taper in a non-prismatic structure is neglected, an 

approximation of the matched stresses can be determined by satisfying 

the Ordinary Three Shear Equation at all the joints in each nodal section 

separately. This fact may be useful if it is desired to reduce the 

computer time required for matrix inversion. The error involved in 

this approximation should be quite small if the taper angles are not 

too large, 

E. Deflection Analysis 

1. Plate deflections 

After the stresses have been matched at the joints, the deflections 

of the structure resulting from these stresses are computed. The plate 

deflections, 6̂  ̂ are computed first on the basis of the assumption that 
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the plate structure is temporarily disconnected at the joints. Before 

these deflections can be computed, the distribution of curvature over 

the length of the neutral axis of each plate must be determined. 

The curvature, <{>̂  ̂ at any nodal section of a plate is determined 

from the strain distribution at the section, shown in Fig, 10a, The 

expression for the curvature is given by the relationship: 

, ̂no,1,1-1 " (38) 

where e . . _ = the strain parallel to the neutral axis of plate i 
no,i,j-l 

at joint j-1 for nodal section no, and 

ë = the strain parallel to the neutral axis of plate i 
no,i,j 

at joint j for nodal section no. 

In an elastic structure, stresses are proportional to strains; therefore, 

the curvature may be expressed in terms of the known stresses by the 

following equation; 

The curvature distribution is then determined by computing the curvature 

at each nodal section of a plate and by assuming that the distribution 

between nodal sections varies as a second degree parabola. Once the 

curvature distribution has been defined, the deflections in the plane of 

each plate can be evaluated on the basis of Moment-Area Principles, The 
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operations involved in computing the plate deflections, are 

completely analogous to those used to compute the plate load bending 

moments, The basis of the analogy exists between the differential 

equation of bending deflection 

Ô-
and the statics equation 

^ = P L  

dn 

where n and Ç are the co-ordinates parallel and perpendicular to the 

neutral axis of a plate respectively as shown in Fig, 12« The following 

analogy can be established between the variables of the Afo problems; 

Deflections Statics 

. PL . 
no,i no,i 

? , PC . 
no,i no,i 

RĴ i 

6 , MO , 
no,i no,l 

The notation which is used in the deflection problem is defined in Fig, 

10. This analogy proves to be quite useful when a digital computer is 

used to perform the computations because the same program can be used to 

determine MO . and 6 .. 
no,i no,i 
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The basic computations needed to determine the plate deflections 

will be explained briefly with reference to Fig, 10 and the equations 

associated with the computations of the plate load bending moments, A 

set of concentrated angle changes, can be defined at each nodal 

section by a numerical integration of the curvature diagram. These 

angle changes are determined by using the analogies specified above 

and Eq. 20. By assuming that the slope at the left support is zero, as 

shown in Fig. 10c, the deflection, 6r̂ , at the right support is 

determined by summing the incremental deflections at the right support 

caused by each concentrated angle change. The boundary condition at 

the right support requires that the deflection, ôR̂ , must equal zero, 

which results in the requirement of rotating the deflected curve by a 

concentrated angle, 8&̂ , about the left support. The evaluation of 

is directly analogous to the evaluation of the left reaction, 

given by Eq. 21, The deflections, 6̂  ̂ at each nodal section are then 

computed from the basic geometry of the deflected curve which is directly 

analogous to determining the plate load bending moments, at each 

nodal section, given by Eq, 22, 

This method of analysis defines the exact deflection at each nodal 

section of the plate if the curvature distribution is exact. The 

accuracy of the computed deflections is then a function of the numerical 

accuracy of the curvature distribution assumed between nodal sections 

and the accuracy of the intensities of curvature at each nodal section. 
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2. Wllllot geometry 

In the preceding analysis, the plate deflections were computed by 

assuming that each plate acts Independently. As a result, the 

deflections of two adjacent plates do not define the same deflected 

position of the common joint, as shown in Fig. 11. The final deflected 

positions of the joints are then determined in terms of the plate 

deflections, by applying a basic Williot diagram at each node along each 

joint. The vertical joint deflection, 6v ., is determined from the 
no, j 

Williot geometry shovm in Fig. 32 and is given by the equation: 

6v = - ̂ no,i 1̂-1 (40) 
no.j sin sit. 

The relative displacement perpendicular to the plate, shown in 

Fig. 32, is also computed on the basis of the Williot geometry and is 

given by the following equation: 

"no.l ' '...1-1 Vl,l - '..,1 <=« ^1-1,1 + c" I'l.l+l^ 

(41) 

•*" n̂o,i+l 1̂,1+1 

3. Relative joint displacements 

In many parts of the complete analysis of a non-prismatic folded 

plate, the stresses introduced into the plate structure are computed on 

the basis of the assumption that relative joint displacement do not occur. 

The deflections which are computed on the basis of these stresses show 
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that relative joint displacements do occur, as shown in Fig. 11, The 

deflected shape of the slab structure is then forced to conform to the 

deflected shape of the plate structure. As a result, a set of transverse 

moments and complementary holding forces are introduced into the slab 

structure at each nodal section, A complete transverse bending analysis 

of the structure is required to determine the transverse moments and hold­

ing forces that are introduced. The fixed end-actions used in this 

analysis are computed on the basis of the relative displacements 

perpendicular to the plates given in Eq, 41. These fixed end-actions 

have been defined in Eq, 11 and are shown in Fig, 24. 

F. Iteration Method 

In order to complete the correction analysis, the secondary holding 

forces which result from neglecting the effects of relative joint 

displacements in the primary analysis must be removed. In the case of 

the Iteration Method, these secondary holding forces are reapplied to 

the joints of the plate structure to form a new set of joint loads. Once 

these new joint loads have been defined, the entire analysis procedure is 

repeated. The basic steps involved in the Iteration Method are summarized 

below with reference to the formulation presented in the preceding sections 

of this chapter. 

Step 1, Compute the primary transverse moments and primary joint 

reactions at each nodal section by carrying out a complete 
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transverse bending analysis for the applied loading as 

described in Section III.C, 

Step 2. Apply the joint reactions or holding forces to the plate 

structure as a set of joint load intensities. 

Step 3. Resolve the joint loads into the plane of the plates at 

each nodal section as described in Section III.D.l. 

Step 4. Compute plate loads and plate load bending moments at 

each nodal section of each plate as described in Section 

III.D.2. 

Step 5. Compute the longitudinal stresses and match them at each 

node by applying the Modified Three Shear Equation as 

described in Section III.D.4. 

Step 6. Compute plate deflections and relative joint displacements 

as described in Section III.E, 

Step 7. Compute the fixed end-actions caused by relative joint 

displacements for all the plates at each nodal section as 

described in Section III.C.3. 

Step 8. Compute a new set of transverse moments and holding force 

intensities at each node as described in Section III.C. 

Step 9. Determine the accumulated transverse moments, longitudinal 

stresses and vertical deflections computed up to this 

stage of the analysis at each node. 

Step 10. Compare the transverse moments resulting from the effects 

of joint displacements in this iteration cycle to the 
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accumulated transverse moments at each node respectively, 

to see if another iteration cycle is required. 

Step 11. Repeat Steps 2 through 10 if another cycle of iteration 

is required. 

G, Particular Load Method 

The general principles of the Particular Load Method and the manner 

in which they can be applied in the analysis of non-prismatic folded 

plates have been discussed in Chapter II, In this section, the details 

of formulating this method are presented. 

1, Concentrated secondary holding forces 

The first step in applying the Particular Load Method is to express 

the distribution of secondary holding forces, AR̂  ,, shown in Fig, 33 
no, J 

in terms of a statically equivalent set of concentrated holding forces. 

These concentrated holding forces, RĈ  are determined by the same 
no, J 

procedures used to determine the concentrated plate loads. If the 

distribution of secondary holding forces is assumed to vary as a second 

degree parabola between nodal sections, the resulting concentrated holding 

force at each interior node can be obtained from the following expression: 

<..j = ïf KO-1,3 + <«> 

It should be noted that when the holding forces are computed in this 

manner, small portions of the distributed loads near the supports are 
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neglected, as shown in Fig. 33. When a sufficient number of nodal 

sections are considered, this effect will be negligible. In order to 

remove the effects of the secondary holding forces, a linear combination 

of (nn X nij) particular loading systems is required. 

2. Particular loading systems 

Each particular loading system must be formed separately and each 

must be independent. A particular loading system is initiated by first 

applying a known concentrated nodal force, , to an interior node 
no, J 

of the plate structure. A complete analysis of the structure subjected 

to this concentrated load must then be conducted to determine the 

complementary loading which results. The steps involved in forming a 

particular loading system are outlined below with reference to the 

formulation presented in the preceding sections of this chapter. 

Step 1. Apply a concentrated nodal force, ., at a particular 
no, J 

interior node of the structure. 

Step 2. Resolve the concentrated nodal force into two concentrated 

plate loads acting in the planes of the two adjacent 

plates. Equation 17 or 18 may be used for this calculation. 

Step 3. Compute the plate load bending moments, MO ., in the two 
no, J 

adjacent plates at each nodal section resulting from the 

effect of the concentrated plate loads. An analysis similar 

to that described in Section III.D.2 must be performed. 
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Match the stresses at all interior nodes by using the 

Modified Three Shear Equation and by applying the procedure 

outlined in Section III.D.4. It should be noted that 

plate load stresses will only exist at the nodal sections 

of the two plates being considered; however, the condition 

"•r 
of matching stresses will introduce stresses, f . at 

no #i#j 

all nodal sections of all plates in the structure. 

Compute the plate deflections at all nodal sections for 

each plate as described in Section III.E.l. 

Compute the vertical joint displacements, 6v̂  . and the 
n.0, J 

relative displacements perpendicular to the plates, 

at each nodal section using the equations given in Section 

III.E.2. 

Compute the fixed end-actions at each nodal section of 

each plate resulting from relative joint displacements by 

using Eq. 11. 

Step 8. Run a complete transverse bending analysis as described 

in Section III.C. to determine the transverse moments, 

TM̂  , and the complementary holding force intensities, 
no, J 

FÎ  ., introduced by the requirement that deflected shape 
no, j 

of the slab and plate structure must conform. 

Step 9. Express the distribution of complementary holding forces 

along each joint in terms of a set of statically equivalent 

Step 4. 

Step 5. 

Step 6. 

Step 7. 
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concentrated holding forces, FĈ  ., one at each interior 
no, J 

node. Equation 42 is used for these computations. 

Step 10. Combine the applied load, ., with all the complementary 
no, J 

holding forces, FĈ  ., to form a complete particular 
no, J 

loading system. This system consists of a total of (nn x 

nij) concentrated forces, F 
no,J 

By applying a known concentrated force, ., at each interior node 
no, J 

of the structure in turn and by carrying out the steps described above 

for each case, a complete set of (nn x nij) particular loading systems can 

be established, 

3. Matrix formulation of the Particular Load Method 

In the Particular Load Method, an appropriate linear combination of 

these particular loading systems is then used to remove the effects of 

the secondary holding forces, RC® The corresponding mathematical 
no, J 

expression is a set of linear simultaneous equations shown in matrix form 

in Pig. 34, In this set of equations, the unknowns 6̂ , Bg.,,, 6̂ .... 

3 .. represent portions of the particular loading systems, 
tin  ̂nij 

1,2,3....r...(nn x nij), required to eliminate the effect of the secondary 

holding forces. The elements of the coefficient matrix are subscripted 

according to the "node-interior joint" notation, while the superscript 

indicates the index number for a particular loading system. The method 

of formulating this matrix equation Is illustrated in Fig. 35 where a 

plan view of the typical non-prismatic folded plate is shown to contain 
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only three nodal sections. Each equation In the set represents the 

linear sum of concentrated nodal forces of all the particular loading 

systems at one node equated to the negative effect of the concentrated 

secondary holding force at that node. The equations are first written 

for all the interior joints in the first nodal section, proceeding in 

the direction of the positive z axis. The remaining equations are then 

written at the other nodal sections in the same manner, proceeding in 

the direction of the positive x axis. 

The elements of the matrix shown in Fig. 34 must be renumbered in 

the standard matrix form in order to solve the problem on the digital 

computer. Once this has been accomplished the matrix equation In Fig. 

34 can be represented by the following equation: 

IF] {3} = {R} (43) 

The unknowns 6̂  are then determined by solving Eq, 43: 

{$} = [F]"̂  {R} (44) 

After the coefficients, 6̂ , have been determined, the final results can be 

obtained as described in the following section. 

4. Final results 

•=r 
A complete set of stresses, f , ., transverse moments, TM . and 

no,1,3* no,J 

deflections, 6v̂  ., are known for each particular loading system. The 
no, j 

resulting stresses, moments and deflections Introduced by removing the 
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effects of the secondary holding forces can then be determined by the 

following linear sums; 

fC = R , g g |nn X nij 
no,i,j 1 no,i,j 2 no,i,j nn * nij no,i,J 

™no.J =»l™no,j + «2 «L.j + »n. x .ij <«) 

• «1 «C.j + «2 'io.i + X nil 

where the superscript c refers to the results of the correction analysis 

not including the secondary transverse moments. These expressions are 

valid at each node of the structure. 

The final solution to the non-prismatic folded plate analysis is 

obtained by superimposing the results of the primary analysis and the 

correction analysis; 

f̂  = fP + fC 
no,i,j no,i,j no,i,j 

<0,3 =<.J + ™n.,j + <..] (46) 

where the superscript f refers to the final results. 
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IV. COMPUTER PROGRAMS 

An examination of the theory makes it quite evident that the only 

practical means of analysing non-prismatic folded plates is with the 

aid of a digital computer. The theory has been presented in a form 

which can be programmed in any standard computer language. In this 

investigation, programs were written in Fortran IV using single precision 

variables and the analysis was carried out on an IBM 360 Model 50 digital 

computer available at the Iowa State University Computational Center. A 

computer program was written for both the Iteration Method and the 

Particular Load Method, Each program consisted of approximately 750 

Fortran statements. Thus, a number of trial runs were required before 

the programs were completely de-bugged, A description of these programs 

is presented in this chapter along with the basic flow charts of each 

program. In addition, a small program was written for analysing the 

elements of a non-prismatic folded plates by Beam Theory, A brief 

discussion of this program is also presented at the end of this chapter. 

A. Programs for the Iteration Method 

and the Particular Load Method 

All computations in the Iteration Method and the Particular Load 

Method were carried out on the computer. These computations included 

generating all the matrices and solving them. The basic input data 

for these programs consisted of the geometry of the structure, the 

properties of the material and the loading conditions. The final output 
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data consisted of the calculated stresses, transverse moments, shear 

forces and deflections. These programs were designed to analyse simply 

supported non-prismatic folded plates only. 

1. Basic input data 

The geometry of the structure and the material properties were 

specified by the following input data: 

lo Number of plates, m 

2. Number of joints, nj 

3. Number of restraints, nr 

4. Number of nodes, nn 

5. Joint restraint list 

6. Span of the structure, L 

7. Length of the neutral axis of each plate, Lnâ  

8. Edge length of all plates. Le 

9. Thickness of each plate, t̂  

10. Slope angle of the first plate, 8̂  

11. Deflection angles between all the plates, 

12. Modulus of elasticity of the material, E. 

A joint restraint list was used to designate the support conditions for 

the transverse bending analysis. Two restraint conditions were specified 

for each joint, one for vertical displacement and the other for 

rotational displacement. In the joint restraint list, a restrained 
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displacement was designated by the index, 1, while a condition of no 

restraint was designated by the index 0. 

2, Loading conditions 

The proposed method of analysis is not restricted to the cases of 

similar loading; therefore, many types of loading can be considered. 

The programs are designed so that surface loads can be specified in 

three ways : 

1. Load can be defined in the form of a uniform intensity 

for each plate, 

2. The intensities of load uniform in the transverse 

direction can be specified separately at each nodal 

section of each plate. 

3. The fixed end-actions for each plate at each nodal section 

can be specified separately instead of the previous two 

forms of loading. 

When the surface loads are defined in the form of intensities, it is 

assumed that the distribution is uniform in the transverse direction. 

The fixed end-actions, given in Eq, 10, are then calculated by a routine 

which is built into the programs. The intensities of load can consist 

of live load based on the horizontal projection or dead load distributed 

over the surface of the structure as shown in Fig. 23, Joint loads are 

also specified in the form of intensities common to all nodes along a 

particular joint. 



www.manaraa.com

70 

If the load intensity is specified at each nodal section separately, 

the distribution of loading in the longitudinal direction can be varied. 

The only requirement in this case is that the intensities"ratist be 

specified at a sufficient number of nodal sections to properly define 

the longitudinal distribution. It is also possible to consider other 

distributions of load in the transverse direction. These distributions 

are defined in terms of the fixed end-actions which are read directly 

into the computer. Concentrated loads and concentrated line loads are 

also considered in this manner, 

3. Output data 

The computed results were written out at the end of the primary 

analysis and at the end of the complete analysis. In the case of the 

primary solution, the output data consisted of 

1. Primary longitudinal stresses at each node, f̂  . 

2. Primary transverse moments at each node, TM̂  .. 
no IJ 

At the end of the analysis, the final output data consisted of 

""f 
1. Final longitudinal stresses at each node, f . .. 

no >1f J 

2. Final transverse moments at each node, TM̂  ., 
no J J 

3. Final shear forces at each node, T̂  .. 
no,j 

4. Final vertical joint deflections at each node, ôv̂  , 
no, J 

4. Flow charts 

The computer programs for the Iteration Method and the Particular 

Load Method will be presented in the form of flow charts. These flow 
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charts do not contain the detailed operations of the programs. Instead, 

they present the logical steps required to organize each method of 

analysis. The actual details of the program follow closely to the 

formulation presented in Chapter III and specific reference is made to 

this formulation in each flow chart. These basic flow charts also 

serve as a summary for the entire method of analysis. 

The operations that are performed at the beginning of each computer 

program are exactly the same. These operations are present in à common 

flow chart shown in Fig. 36, The flow charts for the Iteration Method 

and the Particular Load Method are presented in Figs, 37 and 38 

respectively. In each case, the flow charts are presented on one or 

more pages» The flow of operations is clearly indicated by a system of 

matching numbers. The numbering system also indicates where the common 

flow chart in Fig, 36 enters the program for each method of analysis. 

In the conmon flow chart, the joint stiffness matrix and the 

coefficient matrix for the Modified Three Shear Equations are generated. 

These matrices are then inverted by a subroutine for matrix inversion 

called MA.TINV and the inverted matrices are stored for use throughout 

the main programs. The loading combinations which are possible are also 

indicated, A series of load indexes must be read into the computer to 

designate the branching system that is to be followed. These are also 

used to specify the number of nodal sections of each plate that are 

loaded. Load data is then read into the computer for only the loaded 

parts of the structure. 
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The operations in the flow charts for the Iteration Method gnd 

the Particular Load Method are closely related to the formulation 

presented in Chapter III; therefore, these flow charts will not be 

discussed in detail. The only point that may need clarification is 

related to the subroutine MODEFL, A common subroutine called MODEFL 

was formulated to perform the calculations for both the plate load 

bending moments and the plate deflections. As stated in the theory, 

these operations are completely analogous. 

5. Size of the structure 

A limited number of consecutive plates can be considered using 

the present computer programs. The main limitation is in the storage 

capacity of the computer. The problem of round-off error may be 

encountered in the matrix inversion computations if the matrices get 

too large. This problem can be partially solved by using double 

precision variables instead of single precision variables. However, 

this programming technique requires twice as much storage capacity. 

The programs written for this study were dimensioned to use nearly 

the full core storage capacity of the IBM 360 Model 50. On the basis 

of this limitation, structures in which (nn x nij) < 60 can be analysed 

using the present computer programs. A few combinations that can be 

considered are listed below: 

1. When the structure is symmetrical about an interior joint, 

the symmetrical part of the structure can consist of 
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(a) 4 plates, 4 interior joints and 15 nodal sections, or 

(b) 8 plates, 8 interior joints and 7 nodal sections, 

2. When the structure is not symmetrical about an interior 

joint, the full structure can consist of 

(a) 7 plates, 6 interior joints and 10 nodal sections, or 

(b) 9 plates, 8 interior joints and 7 nodal sections. 

Other combinations within the range of (nn x nij) £ 60 are of course 

possible. 

6, Computation time 

The source programs for both the Iteration Method and the Particular 

Load Method are compiled on the IBM 360 Model 50 in approximately 1 

minute. 

The computation time required to perform an analysis by the Iteration 

Method depends on the convergence of the solution. This effect will be 

discussed further in the next chapter where the method was used to analyse 

a few non-prismatic folded plates. Since convergence problems may be 

encountered, it is impossible to estimate the computational time for a 

complete solution; however, it is possible to state a few examples of the 

time requirements to complete one cycle of iteration. In the case of a 

structure that contains 9 joints and 15 nodal sections, one cycle of 

Iteration can be completed in approximately 1 minute if joint symmetry is 

used. For the same structure in which 7 nodal sections are considered 

instead of 15, an iteration cycle can be completed in 25 taconds. 
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It is much easier to estimate the time requirements of a complete 

solution by the Particular Load Method because in this method a solution 

is obtained in a complete form. In a structure which contains 9 joints 

and 15 nodal sections the analysis can be completed in 2 3/4 minutes if 

conditions of joint symmetry are used. The analysis of a structure 

which contains 7 joints and 7 nodal sections, where joint symmetry is 

used, can be completed in 40 seconds. In this case, it takes longer to 

compile the program than to analyse the problem. 

These computation times are given mainly to illustrate the speed 

in which non-prismatic folded plates can be analysed with the proposed 

methods of analysis. It should be noted, however, that the stated time 

requirements only apply to the IBM 360 Model 50 which is presently 

one of the fastest machines on the commercial market. 

B. Program for Beam Theory 

In certain types of prismatic folded plates, Beam Theory can be 

used to predict the stress distribution in interior plate elements, A 

program was written in this investigation to apply Beam Theory to the 

elements of non-prismatic folded plates. This program was designed to 

calculate the longitudinal stresses at any number of nodal sections 

along a plate. These computations can be performed by hand, but even 

Beam Theory involves numerous calculations when applied to non-prismatic 

folded plates. 

Each nodal section of a non-prismatic folded plate is different; 

therefore, the moment of inertia must be computed at each nodal section. 
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When the structure is analysed for distributed load, the bending moment 

calculations become quite tedious. In this case, the longitudinal 

distributions of dead load and live load must be computed separately 

and the resulting distributions are not necessarily linear over the 

length of the structure. 

A computer program was written to carry out these repetitive 

calculations. This program was used to analyse some example non-

prismatic folded plates so that the stresses predicted by Beam Theory 

could be compared to those predicted by the Particular Load Method of 

the proposed theory. 
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V. VERIFICATION OF THE PROPOSED THEORY 

A literature review has shown that no analytical or experimental 

information has been published on the type of non-prismatic folded 

plates considered in this investigation. In order to establish a basis 

for the proposed theory, three comparative studies were conducted. The 

first two studies consisted of comparing the predicted results of the 

proposed theory with those obtained by applying Ordinary Folded Plate 

Theory in the analysis of a prismatic folded plate. In the first case, 

a similar loading condition was considered. This type of loading will 

seldom exist for non-prismatic folded plates; therefore, the second 

analysis was conducted for a case of non-similar loading. The final 

study consisted of comparing the predictions of the proposed theory with 

the measured results of an experimental study which was conducted on 

two non-prismatic folded plate models. 

All the theoretical results which will be presented in this chapter 

were determined on the basis of the Particular Load Method, A discussion 

will also be included on the results that were obtained by applying the 

Iteration Method. In addition, a study will be presented to show how the 

accuracy of a solution is affected by the number of nodal sections that 

are considered in an analysis. 

A. Similar Loading on Prismatic Folded Plates 

One of the basic assumptions used in Ordinary Folded Plate Theory in 

the analysis of prismatic folded plates is that the longitudinal 
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distributions of the loads applied to the individual plates in a 

structure are similar in form. With this assumption, the functions 

which represent the distributions of load and moment are common to 

all plates and can be factored out in the analysis. Thus, the primary 

analysis by Ordinary Folded Plate Theory only needs to be carried out 

at one typical cross-section of the structure. A full distribution of 

dead load and live load over the entire surface of a prismatic folded 

plate produces a uniform distribution of joint loads on the plate 

structure. This is an example of a similar loading. 

The joint displacements which result from a uniform distribution of 

plate loads in the primary analysis are distributed in the form of a 

fourth degree parabola. It is usually assumed, however, that the 

deflected shape of the structure varies in the form of a sine curve. 

It has been shown by Yitzhaki and Reiss (23), that the deflected shape 

of a beam structure is almost the same whether it is subjected to a 

uniform distribution of load, a concentrated load at midspan or a normal 

curve loading. Therefore, the correction analysis of a simply suppofl̂ ed 

folded plate can be simplified by assuming a sine cuirve deflected shape. 

If this assumption is used, the secondary holding forces will also be 

distributed in the form of a sine curve. Consequently, the entire 

correction analysis can also be carried out at just one cross-section 

since the sine curve function will be common to all distributions of 

load, moment and deflection. The final distributions of stress, moment 

and deflections are then determined by superimposing the distributions 
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obtained in the primary analysis and the correction analysis for these 

respective quantities. 

The prismatic folded plate shown in Fig, 39 which has been analysed 

on the basis of Ordinary Folded Plate Theory by Simpson (14) and Traum 

(17) was chosen as an example for comparing the theories. The condition 

of similar loading in this case consists of a uniform distribution of 

dead load over the surface of each plate. In this study, the problem 

was analysed on the basis of the Particular Load Method of the proposed 

theory using seven nodal sections. 

The results of the analysis by both theories are given in Table 1 

in terms of the longitudinal stresses and transverse moments at midspan, 

A comparison of these results shows that the predictions by both theories 

are practically identical. In addition to this comparison, the 

distributions of the longitudinal stresses and transverse moments along 

each joint of the structure are shown in Figs, 41 and 42 respectively. 

Both theories also predict almost identical distributions, 

B, Non-Similar Loading on Prismatic Folded Plates 

Ordinary Folded Plate Theory can also be applied to analyse prismatic 

folded plates with conditions of non-similar loading. In this case, the 

load on the structure must be partitioned into a number of similar loading 

cases and the structure is then analysed for each case separately. The 

final solution is obtained by superimposing the results of each similar 

loading analysis. 
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One of the main advantages of the proposed theory is that any non-

similar loading condition can be considered in a single analysis of a 

structure. This has to be true if the theory is to apply in the analysis 

of non-prismatic folded plates. The same structure that was considered 

in the last section of this chapter was also analysed for a condition of 

non-similar loading. As shown in Fig. 40 the non-similar loading case 

consisted of a full distribution of dead load over the surface of the 

plates plus a partial distribution of live load. The structure was 

analysed by Ordinary Folded Plate Theory for the conditions of dead load 

and live load separately because each separate case constitutes a 

condition of similar loading. The solution for the dead load portion 

has already been presented in Table 1. An additional analysis on the 

basis of Ordinary Folded Plate Theory was conducted for the partial live 

load condition. These two solutions were then superimposed to obtain a 

complete solution by Ordinary Folded Plate Theory, 

The structure was also analysed by the Particular Load Method of 

the proposed theory where the given non-similar loading was treated in 

a single analysis of the structure. This analysis was performed on the 

basis of 15 nodal sections. 

The longitudinal stresses and transverse moments predicted by both 

theories for the midspan cross-section are given in Table 2, A 

comparison of these results shows that the predictions by both theories 

are almost identical. The distributions of stress and transverse 

moment along the length of each joint are also compared in Figs, 43 and 
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44 respectively. These two theories also predict almost identical 

distributions for this non-similar loading case. It should be noted 

that both theories will be slightly in error in predicting the 

distributions of the transverse moments at the quarter points of the 

span along joints 3 and 4 where a discontinuity in the load exists. 

An analysis based on two-way slab action would probably show a slightly 

smoother distribution in the regions of these discontinuities, 

Co Experimental Study of Non-Prismatic Folded Plates 

The proposed theory has been verified for the analysis of prismatic 

folded plates. In addition, it has been shown that conditions of non-

similar loading can be considered in a single analysis—of a structure. 

This condition is definitely a prerequisite if the theory ia to be 

applied to analyse non-prismatic folded plates. In order to test the 

accuracy of the proposed theory in the analysis of non-prismatic folded 

plates, an experimental study was conducted on two alumninum model 

structures. 

The longitudinal stresses, vertical deflections and transverse 

moments at various locations throughout the models were determined 

experimentally and these results were compared to those obtained by 

applying the proposed theory. Actually, the model study was initiated 

before the theory had been finalized. This step was taken in order to 

gain some insight into the behavior of non-prismatic folded plates. 

The results of this study will be presented after the details of the 

experimental study have been discussed. 
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1. Design and fabrication of the models 

Two non-prismatic folded plate models were designed to have the 

geometry conditions shown in Fig. 45. Photographs of these model 

structures are shown in Figs. 47 and 48. These models were not designed 

to represent a scaled version of any particular prototype structure. 

In the design of the models, all geometrical parameters were held 

constant except the amount of taper and the shape of the plate elements. 

Both models were cut from the same sheet of 1100-H14 aluminum which had 

a thickness of 0.063 in. The folds in the models were then made on a 

large sheet metal bending brake with the aid of a template to insure that 

the fold angles were accurate. The supporting end diaphragms were cut 

from the same type of material having a thickness of 0.190 in. These 

diaphragms were then attached to the folded surfaces of the models by 

small sheet metal screws as shown in Fig. 47. The plate elements of 

Model 1 were tapered from 8 in. at one end to zero at the other. Model 

2 consisted of plate elements which were tapered from a depth of 6 in. 

to 2 in. Consequently, the midspan cross-sections of both models were 

the same. The plates In both models were sloped at 40° to the horizontal. 

2. Test apparatus and instrumentation 

An adequate support system for the test apparatus, was supplied by 

two large concrete blocks. These blocks were held in position at the 

top by a welded angle frame which also provided a base for the support 
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system of the models. A photograph of the test apparatus is shown in 

Fig. 46. 

The models were tested on a simply supported span of 24 in. As 

shown in Fig. 47, relatively free rotation was provided at one end of 

the model by a 3/4 in. steel roller which was grooved to fit the end 

diaphragm and rested on the steel support frame. At the other end, free 

translation was provided by two small rollers placed between the steel 

support frame and a plate which was attached to the end diaphragm. 

The loading apparatus for the models was provided by a number of 

small cans each filled with steel shot. As shown in Fig. 47, the load 

was transferred by a system of hangers to three continuous wooden loading 

blocks which applied a uniformly distributed line load along the parallel 

ridges of the models. To insure a more uniform distribution of load, the 

loading blocks were grooved to fit the top ridges of the models and the 

grooves were lined with a layer of foam rubber. This loading apparatus 

proved to be quite flexible because static load could be applied in a 

number of equal load increments. The test results in this study will be 

presented on the basis of one load increment which consists of a line load 

of 2.334 lbs./in. applied along the inner ridges of the models as shown in 

Fig. 49. This magnitude of line load is based on the horizontal 

projection of a ridge. 

Deflection measurements were taken at seven locations along the 

joints with Ames dials which measured to 0.0005 in, per dial division. 

As shown in Fig. 48, these dials were attached to a deflection frame which 
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was welded to the steel support frame, A rigid base was provided for 

the deflection apparatus by the concrete supports. The Ames dials were 

pulled so that the dials loaded against the dial mechanisms at all 

times, A fine piece of steel wire provided the pulling mechanism. The 

deflection apparatus was arranged in this manner so that measurements 

on the order of 0,003 in, per load increment could be made accurrately 

with a minimum amount of error. 

Both model structures were instrumented with rectangular rosette 

strain gages which were placed at selected locations on the plate surfaces 

shown in Figs. 50 and 51, In most cases, the individual gages in each 

rosette were orientated to measure strains parallel, perpendicular and 

at 45° to the ridges and valleys of the models. A different type of 

strain gage was used on each model. In the case of Model 1, Baldwin 

Type FAR-50-12-(45)-S13 foil rosettes were placed at matching locations 

on the top and bottom surfaces of the plates. The rectangular rosettes 

used on Model 2 were formed from three individual Baldwin Type AF-7-S6 

paper backed strain gages which were arranged in a rectangular rosette 

pattern. These gages were only placed on the top surface of Model 2, 

Strain measurements were made with a Baldwin Type N SR-4 Strain Indicator, 

A few problems were encountered in making the electrical connections 

to the foil rosettes used on Model 1, The original gages were not 

supplied with lead wires; therefore, a total of six small lead wires had 

to be attached directly to the small tab areas provided on each gage. The 

electrical connections were made with a highly conductive form of liquid 



www.manaraa.com

84 

silver solder. In general, this method of attaching the lead wires 

proved to be quite successful; however, the procedure was very time 

consuming. A few faulty connections were found during the actual 

testing operation. These were later repaired with hot solder joints. 

In order to avoid the problems which were encountered in making 

the electrical connections on Model 1, a different type of strain 

gage was used for Model 2. The strain gages used on Model 2 were 

single directional paper backed gages which were supplied with lead 

wires. No difficulty was encountered in the application or wiring of 

these gages. 

The strain measurements from the first tests conducted on Model 1 

indicated that the effects of transverse bending were quite small. It 

was decided that very little additional information could be obtained 

by applying strain gages to both surfaces of Model 2; therefore, strain 

gages were only placed on the top surface. 

3. Testing procedures 

It would have been most desirable to conduct the model tests in a 

room where temperature and humidity was controlled, but this facility 

was not available. Some difficulty was initially encountered in 

eliminating drift in the strain gage readings caused by the effects of 

temperature variation. The strain gages used on Model 1 were actually 

self-temperature compensating gages, however, a temperature compensating 

strain gage was also provided in the Wheatstone Bridge circuit. Providing 
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temperature compensation for the strain gages, does not completely 

eliminate the effect of temperature variations from the experimental 

results. In a highly indeterminate structure such as a folded plate, 

changes in temperature will introduce strains into the structure 

itself. These strains cannot be eliminated from the strain gage reading 

unless the effects of temperature variations are eliminated by some 

means. 

During the initial phase of the testing program for Model 1, a 

number of complete tests were run. The model was loaded in four equal 

increments of load. After each load increment had been applied, 

deflection measurements were taken and strain gage readings were 

recorded for all the rosettes on the model. A complete test of this 

type was conducted in approximately two hours. During this time, it 

was found that temperature variations of as much as 5°F would occur. 

As a result. It was very difficult to reproduce the initial strain gage 

readings at the end of a test. In order to eliminate the effects of 

drift caused by temperature variation, the remaining tests were conducted 

in the late evening when the variation in temperature was less. In 

addition, the testing procedure was also changed to shorten the time 

required to complete a test to 10 or 15 minutes by running separate tests 

for only a few rosettes at a time. In each of these tests, strain and 

deflection measurements were taken after each load increment had been 

applied. This procedure proved to be quite tedious, but the effects of 

temperature variations were eliminated and the initial strain gage 
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readings could be reproduced by this method of testing. The test 

procedure used for Model 2 was quite similar; however, it was found 

that the strain gages on this model were much more stable, 

4. Evaluation of the test data 

Graphs were first plotted relating the measured strain increments 

to the load increments for each individual strain gage. In all cases, 

the data defined a linear variation between load and strain. The mean 

strain gage reading per load increment was obtained from each of these 

graphs. The strain gage data for Model 1 was then corrected to account 

for the transverse sensitivity of the gages. This procedure was not 

used for Model 2 because in this case, the rosettes were arranged from 

single direction gages and the information on the transverse sensitivity 

of these gages was not available. 

The longitudinal stresses predicted by the proposed theory are 

calculated in a direction parallel to the neutral axis of the plates. 

In order to determine the measured stresses in this direction, the strain 

gage data measured from the rosettes was used to determine the measured 

strains directed parallel and perpendicular to the neutral axis. When 

the magnitudes and the directions of three strain measurements ê , 

and Eg are known at a point, the normal strains, and and the 

shearing strain, in any other orientation can be determined from 

the following equations (11): 
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The values of Ê , Ê  and ê  in the case of the experimental results 

correspond to the strain gage measurements parallel, perpendicular and 

at 45° to the ridges or valleys of the model, respectively. The angles 

$2 and ?>2 correspond to the above strains and can be taken as the 

orientation of these strains with respect to the neutral axis of a 

plate. By solving Eqs. 47, the normal strains, and ê , which are 

parallel and perpendicular to the neutral axis respectively can be 

determined. The magnitude of the stresses parallel and perpendicular to 

the neutral axis are then determined on the basis of Hooke's Law, given 

by the following equations: 

0 = —̂  (E +PE ) (49) 
5 l_ŷ   ̂ n 

where a = the stress parallel to the neutral axis of a plate, 
n 

= the stress perpendicular to the neutral axis of a plate, 

and 

p = the value of Poisson's ratio for the material. 
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Two direct tension tests were conducted to determine the modulus of 

elasticity, E, of the material. The measured value was found to be 

10,4 X 10̂  psi. The standard value of Poisson's ratio for aluminum, 

VI = 0,33, was used in evaluating the test results. 

In the case of Model 1, the experimental values of the longitudinal 

stresses were evaluated on the basis of the average of the strain 

measurements at the top and bottom surfaces of the plates. The 

longitudinal stresses in Model 2 were determined on the basis of the 

strains measured at the top surfaces of the plates only. The 

experimental stresses per load increment at all the strain gage locations 

in both models are presented in Table 3. 

In general, the deflection measurements were quite small. The 

largest value of deflection recorded per load increment for Model 1 was 

in the order of 0,007 in. and the largest value for Model 2 was in the 

order of 0,004 in. Deflection measurements were recorded during six 

complete loading tests of Model 1 and eight loading tests of Model 2, 

Measurements were taken after each load increment had been applied in 

each test. The results of the average deflections per load increment 

are given in Table 4. The locations of the deflection dials in Model 1 

and Model 2 are given in Figs. 50 and 51 respectively. These test 

results represent the average of a number of different sets of test data 

and in each case, the average for a number of load increments. The 

deflection measurements recorded for the first increment of load were 
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not included in the averages because this loading increment was used to 

seat the models. 

5. Comparisons of the experimental and theoretical results 

The model structures were analysed by the Particular Load Method of 

the proposed theory on the basis of 15 nodal sections. The output data 

from the computer gave the predicted values of the longitudinal stresses 

and transverse moments at all the nodes in the structure. These results 

were then used to determine the stresses and transverse moments at the 

strain gage locations shown in Figs. 50 and 51. The stresses at these 

interior plate locations were determined on the basis of a linear 

distribution of stress, A linear variation of transverse moments was 

also used to determine moments at interior locations of the plates. This 

variation was used because the models were not subjected to transverse 

plate loads. 

A comparison of the theoretical and experimental longitudinal 

stresses for both Models is given in Table 3. The percentages of error 

that are noted are based on the deviation of the theoretical results 

from the experimental values. 

The longitudinal stresses predicted by the theory for Model 1 are 

generally in good agreement with the experimental results. In most 

cases, the error is less than 14%. Some larger errors are indicated at 

gage locations 3, 10 and 15. It should be noted that at these locations 

the magnitudes of stress are quite small. Consequently, larger 
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percentages of error are indicated at these locations for approximately 

the same magnitudes of variation between the theoretical and experimental 

results that are observed at other gage locations. The only significant 

error is indicated at the location of gage 1 which is in the vicinity of 

a pointed plate element. In this •••region, the strain gradient is very 

large. As a result, the strains measured from the three gages in the 

rosette will not define the strains at a point (11). The experimental 

value of longitudinal stress was therefore calculated only on the basis 

of the measured strain in the direction of the neutral axis. It is very 

possible that this evaluation does not give a true indication of the 

stress at this location. 

The theoretical stresses predicted in the region of pointed plate 

elements are definitely influenced by the point effect. On the basis 

of Eq. 27, it can be shown that this point effect introduces a singularity 

condition and the theoretical stresses approach infinity. In the actual 

model, however, the material would be stressed into the inelastic range 

in this localized region. This effect would then cause a redistribution 

of stresses to other parts of the structure in the vicinity of the point 

which would also have a sizeable influence on the stresses at the 

location of gage 1, Unfortunately, the effects of inelastic redistribution 

cannot be taken into account in a theory that is based on elastic 

behavior. Nevertheless, the theory tends to over-predict the stresses at 

this gage location. 
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A comparison of the measured and predicted values of the 

longitudinal stresses in Model 2 is also given in Table 3. In this 

case, the test results and theoretical predictions are also in good 

agreement with most variations falling well within 14%. A much larger 

error is indicated at the location of gage 6; however, the stress at 

this location is quite small so that this error is not really significant. 

In general, the theory tends to over-predict the experimental 

stresses for Model 1. This trend should be expected because the theory 

does not account for some of the restraint conditions that actually 

exist in the models. For example, it is assumed that the end diaphragms 

offer no resistance to movement perpendicular to the plane of the 

diaphragms. However, in the models, the diaphragms actually offer a 

considerable resistance to movement in this direction, A study of the 

results for Model 2 indicates that the theoretical stresses are 

generally smaller than the experimental stresses. This observation is 

not surprising because the experimental stresses for this model were 

not evaluated on the basis of the average of the strains at the top and 

bottom surfaces of the plates. The measured strains at the top surface 

of Model 1 were also generally larger than the average strains at the 

same general locations where the theory is shown to under-predict the 

experimental stresses in Model 2. 

Deflection measurements were taken at seven locations in each model 

structure. In Table 4, the predicted results of the theory are compared 

to the measured values of these deflections. As indicated by the results, 
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the deflections predicted by the theory are in good agreement with the 

measured values. A maximum deviation of 13% is indicated for the 

results of Model 1 while the predicted results for Model 2 are well 

within 10% of the measured values. 

In regions near the pointed portions of the plate elements in 

Model 1, the transverse moments were larger than in other regions of 

the structure. The measured differences of strains at gage locations 

1, 2, 12, 15 were evaluated to determine the transverse bending moments. 

The surface strains which are parallel and perpendicular to the neutral 

axis were determined from Eq. 47 by a separate evaluation of the strain 

gage data for the top and bottom rosettes. The stresses perpendicular 

to the neutral axis were then determined from Eq. 49 and the measured 

transverse moments were calculated on the basis of the flexure formula. 

This procedure was not used at the location of gage 1 because the 

measured rosette strains at this location do not give a good indication 

of the strains at a point. 

The theoretical and experimental results for the transverse moments 

are given in Table 5. The difference between the measured and predicted 

values are slightly larger than those indicated in the other comparisons 

that have been made in this study. However, this comparison serves to 

show that the larger transverse moments predicted by the theory in the 

regions of the points do exist. The experimental results shown in Table 

5 are actually under-estimated, because an accurate evaluation of the 
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surface strains should be made by taking into account the thickness of 

the strain gage and the adhesive (10). This experimental error can be 

quite important in evaluating the transverse moments because the plates 

are very thin. In order to make this correction a number of special 

tests would be required to determine the average thickness of the gages 

and the adhesive. This did not seem to be warranted in view of the small 

amount of test data that is compared. 

D. Rate of Convergence of the Iteration Method 

In any iterative procedure, it is very important that the solution 

converges. The model structures used in the experimental study were 

also analysed by means of the computer program developed for the Iteration 

Method to determine whether convergence would be a problem. When the 

Iteration Method was applied in an analysis of Model 1 using 15 nodal 

sections, the solution began to oscillate and the analysis was terminated 

after 10 cycles of iteration. This problem was not encountered when the 

Iteration Method of analysis was applied to Model 2. In this case, the 

solution converged after only one cycle of iteration. These results 

definitely indicate that the degree of taper of the plates influences the 

rate of convergence of the Iteration Method. 

A study was conducted to further determine when the Iteration Method 

can be applied to the analysis of non-prismatic folded plates. This study 

consisted of analysing theoretical structures of the same cross-sectional 

shape as the model structures shown in Fig. 45 except that different plate 
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tapers were considered. It was found that as long as the plates did not 

taper to a point, as in Model 1, solutions by the Iteration Method would 

converge. For example, a solution was obtained in three cycles of 

iteration when the plates tapered from 7 1/2 in. at one end to 1/2 in. 

at the other. The pointed effect of the plate elements in Model 1 

introduces a singularity condition which will cause problems in most any 

method of analysis. 

Unfortunately, the degree of taper of the plates Is not the only 

factor which affects the rate of convergence of the Iteration Method, 

Whenever the effects of relative joint displacements are large, the 

correction analysis portion of the overall theory will cause large 

changes in the results of the primary analysis. When these corrections 

become large, a solution by Iteration Method may tend to oscillate or 

even diverge. Other factors such as the slope of the plate elements and 

the geometrical form of the cross-section also influence the magnitudes 

of the relative joint displacements. It is probably reasonable to assume 

that if an iteration solution does not converge for a prismatic folded 

plate of a certain cross-sectional shape, then the solution will not 

converge if the elements of the structure are tapered. In order to 

eliminate the uncertainties involved in applying the Iteration Method, 

all the analytical solutions presented in this dissertation were obtained 

on the basis of the Particular Load Method. 
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E. Solution Accuracy as Affected by the Number of Nodal Sections 

The number of nodal sections that should be used in the analysis of 

a non-prismatic folded plate depends mainly on the particular geometry 

of the structure. In certain cases, the choice may also be governed by 

loading conditions. It is difficult to state any hard and fast rules 

concerning a particular choice of this variable. Some of the factors 

that should be considered in making this choice will be discussed in this 

section. 

One of the main variables to consider is the degree of taper of the 

plate elements. In the proposed theory, the deflected shape of a structure 

is determined by a numerical integration of the curvature distribution. 

It is assumed that the curvature distribution is defined between nodes by 

a second degree parabola. In the region where tapered plate elements are 

narrow, the intensity of curvature may become quite large and the distri­

bution may tend to be concentrated in this region. As a result, a larger 

number of nodal sections are required to accurately define the exact 

distribution. This factor is quite important because the entire correction 

analysis is dependent upon the accuracy of the deflected shape of the 

structure. As the taper of the plate elements becomes smaller and the 

shape of the plates approaches the prismatic case, the curvature is more 

uniformly distributed over the length of the plates. In these cases, an 

accurate approximation of the curvature distribution can be made with 

fewer nodal sections. 
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Other parts of the analysis are also influenced by the number of 

nodal sections. The matrix solution for removing the effects of the 

secondary holding forces is dependent on the ntmiber of concentrated 

holding forces and the assumption used to determine each force. Both 

of these factors depend upon the number of nodes. In regions where ta­

pered plates are quite narrow, more nodal sections are required to 

account for the effects of larger concentrated holding forces. The 

matrix solution of the Modified Three Shear Equations is also dependent 

on both the number of nodes and the taper of the plates. 

Loading distributions may govern the choice of the number of nodal 

sections. A sufficient number of sections must be considered to adequately 

define the longitudinal distributions of the applied loads as well as the 

joint loads which result from the applied loads. 

Since the degree of taper of the plate elements is, in most cases, 

the main factor to consider when choosing the number of nodal sections, 

a study was conducted on the structure shown in Fig, 52 to investigate 

the effects of the number of nodal sections for one of the worst cases of 

taper. In this structure, the plate elements are tapered to a point and 

the degree of taper is quite large. The structure was analysed for the 

loading condition given in Fig, 52 on the basis of 7 and 15 nodal sections. 

The distributions of longitudinal stresses and transverse moments along 

the joints which resulted from these two solutions are shown in Figs, 53 

and 54 respectively. The joint numbers designated on the graphs correspond 

to the numbering system of the joints shown on the structure in Fig, 52, 
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As shown in Fig. 53, the longitudinal stresses for both 7 and 15 

nodal sections are generally much the same in the middle of the structure» 

Near the supports where the tapered plate elements are very narrow, the 

two solutions begin to differ. This deviation is slightly larger in the 

case of the transverse moments shown in Fig. 54, especially along joints 

3 and 4« The main difference exists in the fact that the solution based 

on 7 nodal sections does not pick up the large changes in stress and 

moment in the immediate vicinity of the supports. These changes are 

mainly a result of the pointed effect of the plate elements which will be 

discussed further in the next chapter. 

When prismatic folded plates are analysed by the proposed theory, an 

accurate solution can be obtained with fewer nodal sections. The 

prismatic structure shown in Fig. 39 was analysed on the basis of 7 

nodal sections and accurate results were obtained as shown in Table 1 and 

Figs, 41 and 42, 
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VI. A STUDY OF FACTORS INFLUENCING THE STRUCTURAL 

BEHAVIOR OF NON-PRISMATIC FOLDED PLATES 

The structural behavior of a folded plate is definitely influenced 

by the geometry of the structure. In this study, a number of structures 

are analysed to determine the influence of some of the main geometrical 

parameters. These parameters include the taper and slope of the plate 

elements as well as the geometrical shape of the cross-section» In 

addition, both free and simply supported edge boundary conditions are 

considered. 

This study also investigates the possibility of using simplified 

theories to predict the behavior of non-prismatic folded plates. In 

certain types of prismatic structures, the analysis can be terminated at 

the end of the primary solution. It is also possible to use Beam Theory 

to predict the stress distributions for the interior plate elements of 

some prismatic structures. In the course of this presentation, a 

comparison will be made to determine if either of these approximations 

can be applied to non-prismatic folded plates, 

A. Variations In the Plate Geometry 

The structural shape shown in Fig. 55a is used in the study of the 

effects of taper and slope. The effects of other variables are eliminated 

by holding them constant, as indicated in Fig. 55a. In order to compare 

the behavior of non-prismatic folded plates to that of prismatic folded 

plates, the depths of all the plate elements at midspan are also held 
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constant. It is also assumed that all the plate elements in a structure 

have the same shape. 

With the midspan depths, dm̂ , and the span length, L, held constant, 

the taper of the plate elements can be defined by a parameter 

where dÂ  ̂and dr̂  ̂are the plate depths at the left and at the right ends 

respectively, as shown in Fig. 55a, Notice that when the value of is 

varied, different shapes of plates are obtained. In this study, the 

effects of taper and shape will be generally referred to as the effects 

of taper, expressed in terras of the single parameter 

The basic objective of this study is to show how the structural 

behavior of a folded plate is influenced by changes in the plate geometry. 

It is not proposed that some of the results of this study should be used 

for design purposes without making modifications to the structure. In 

certain cases, the magnitudes of stresses and moments are quite large and 

it will be difficult to reinforce the structure if the thickness of the 

plates is not increased. In this study, the thickness is held constant 

in all cases so that the effects of other geometrical parameters can be 

studied. All the results presented in this section are based on solutions 

by the Particular Load Method using 15 nodal sections. 
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1. Taper and shape of the plates 

In order to study the effects of taper, the slope, 0̂ , is held 

constant at 30° to the horizontal, A list of the tapers that will be 

considered is given in Fig. 55b. The extreme cases of taper are 

defined by = 0.30 and 0̂  ̂ = 0, which represent the cases of triangular 

and prismatic plate elements respectively. In all the other cases, the 

plates are trapezoidal in shape. 

The stress distributions along the individual joints of the 

structure are shown in Fig, 56. In these graphs, the distributions have 

been plotted with respect to the joint notation and co-ordinate system 

shown in Fig. 55a, It should be noted that the stresses that are output 
in 

from the computer analysis are directed parallel to the neutral axis of 

the plates and not parallel to the joints. The magnitudes of stress in 

these two directions should be very close; therefore, in this study the 

stresses parallel to the neutral axis are plotted to indicate the stresses 

along the joints. The stress distributions are influenced by both the 

taper of the plates and boundary conditions of the structure. As a 

result, the distributions along interior and exterior joints may be quite 

different. The shape of the stress distribution also depends upon the 

relative depths of the plates adjacent to a joint. Along the ridges, 

joints 3 and 5, the adjacent plates are always equal in depth. Near the 

supports where both plates are narrow, the stresses are larger. When the 

plates are tapered to a point, = 0,30, the stress tends to approach 

infinity. Near the wider ends of the plates the distributions are quite 
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similar for all cases of taper. This situation is also shown along 

joint 1; however, the shape of the distribution in this case is 

influenced by the free edge boundary condition. 

A different trend is indicated along the valleys, joints 2 and 4. 

Along these joints, the shape of the stress distribution is quite 

similar for all cases of taper. This trend is introduced because at 

any position along these joints the high stress condition associated 

with the narrow end of one plate is dampened by the effect of a wider 

plate adjacent to it. An examination of the stresses near midspan 

along all joints shows that the magnitude of stress at this location is 

not affected a great deal by the amount of taper. In this region, the 

cross-section is the same for all cases and the stresses are quite close 

to those predicted for the prismatic structure. 

In the regions where the points of triangular plate elements are 

located at the supports, singularity conditions are introduced by these 

pointed effects and the stresses in these regions approach infinity. 

Although the theory does not predict the stresses right at the points 

this trend is indicated in Fig. 56 by the stress predictions for the 

case of 0̂  = 0.30. It is also evident by considering the case of taper 

where = 0,25 that a small increase in the plate area near the supports 

will decrease the stresses an appreciable amount. This effect tends to 

indicate that it would be much better to design the structure with an 

overhang, as shown in Fig. 1, so that the points are shifted to a region 

of lower stress and the singularity conditions are eliminated. 
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These singularity conditions also cause the stresses to change in 

sign over the depths of some of the plates, as shown in the case of = 

0.30. The stress near the narrow end of plate 3 is in tension at joint 

3, and in compression at joint 4. A similar trend is indicated at the 

narrow end of plate 4. At the wide ends of certain plates, the stresses 

are also reversed in sign over the depths. This effect is shown in plate 

4 where the stress at joint 5 is in tension, but at joint 4 the plate is 

in compression. It is difficult to interpret the physical significance 

of these predictions. It is also difficult to know what to expect in the 

vicinity of a singularity point. It should be noted that the curves are 

shown to be smooth and continuous. If the stresses at the singularity 

point along joint 5 must approach infinity, it seems natural for the 

stress distribution along this joint to follow its continuous trend and 

enter the region of tension. These predictions may also indicate that 

the theory is in error for predicting the stresses in the narrow region 

of pointed plate elements. Nevertheless, these predictions should be 

taken into account in designing structures until they are either 

disqualified or verified by some other theory. 

The distributions of transverse moments are also influenced by the 

amount of taper. The behavior is mainly affected by the relative 

combinations of the plate depths at each transverse cross-section. In 

the case of non-prismatic elements the depth of each plate is different 

at every transverse nodal section. Consequently, the distribution of the 

plate stiffnesses is also different at each nodal section. This effect 
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is quite important in the overall behavior of non-prismatic folded 

plates because at any cross-section, the narrow plates are much stiffer 

than the wider plates; therefore» they attract larger transverse 

moments. 

The distributions of transverse moments, plotted along the length 

of each joint, are shown in Fig. 57. Near the narrow ends of the plates 

along joints 3 and 5, the moments are very large. The sign of the 

transverse moment along these joints is reversed in the regions where 

both plates are wide. This effect results because the stiffer part 

of the transverse cross-section is always in the region of the narrower 

plates0 The moment does not change sign along joint 4 because there is 

always a wide plate on one side of the joint. Along joint 2, the moment 

is determinate at all sections. Except for the case of 0̂  = 0.30, the 

magnitudes of the transverse moments at midspan are quite similar to 

those predicted for the prismatic case. 

In general, the distributions of the transverse moments follow the 

same basic trend along each joint, increasing in magnitude as the taper 

Increases. This trend is not shown at joint 3 for the case of"0̂  ̂= 0.30. 

In this case, the maximum positive moment is not as large as that shown 

for the case where = 0.25. There is also a sharp decrease in moment 

near the support along both joints 3 and 5. These trends are similar to 

those indicated by the stress distributions in the immediate vicinity of 

a singularity point. The theory is invalid in this case, because it is 

based on one-way slab action and two-way action does exist near the 
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supports. The effects of two-way slab action should tend to reduce the 

magnitudes of the transverse moments in these regions. 

The distribution of the shearing forces, T ., are shown in Fig. 
no, J 

58. In a prismatic folded plate, the shear force distribution has the 

same shape as the longitudinal distribution of plate load bending moments 

if the applied loading is similar. When the structure is subjected to a 

uniform load, this shape is parabolic as shown along the joints for the 

case where = 0. The distributions along the joints of non-prismatic 

folded plates are completely different as indicated by the graphs. The 

trends that are shown for the case of = 0,30 are similar to those 

observed for both the stresses and transverse moments associated with 

this case. 

The behavior of a non-prismatic folded plate is influenced a great 

deal by the effects of relative joint displacements and by the fact that 

the cross-section of the structure becomes distorted in certain regions. 

These effects can be studied by comparing the results of the primary 

analysis, which does not account for relative joint displacements, to the 

results of the final analysis. The stress distributions for two cases 

of taper, 0̂  = 0,25 and 0̂  = 0,15, are shown in Fig, 59 along an exterior 

valley, joint 2 and an interior ridge, joint 5, The largest variation 

between the primary and final stresses is shown for the case of the 

larger taper. It is also evident that the stresses predicted by the 

primary analysis are much closer to the final stresses along a valley as 
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compared to a ridge. This behavior results because there is always a 

wide part of one plate adjacent to a narrow part of another along the 

valleys while both plates are narrow in the region of one support 

adjacent to a ridge. These plates are very flexible to bending in their 

own plane at the narrow ends. As a result, large relative displacements 

occur in these regions along the ridges and the cross-section becomes 

quite distorted. This effect is greater in the case of larger tapers 

which in turn causes larger variations between the primary and final 

stresses. 

The basic assumption involved in applying Beam Theory to predict 

the stress distribution in folded plates is that the cross-section of 

the structure retains its original shape. This assumption is usually 

quite valid when the effects of relative joint displacements are small. 

The stress distributions predicted by Beam Theory are shown in Fig, 59 

for the case of the interior ridge, joint 5. It is evident that as the 

taper of the plates approach the prismatic case, the predictions of 

Beam Theory are closer to the results of the final analysis. In the 

case of larger tapers such as - 0.25, Beam Theory tends to be 

completely inaccurate because the cross-section becomes quite distorted 

in the narrow regions of the plates. 

The influence of relative joint displacements is even greater on 

the transverse moments. A comparison of the transverse moments predicted 

by the primary and final analysis along joints 4 and 5 is shown in Fig. 

60. Similar trends in the behavior are observed for the transverse 
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moments as were observed for the longitudinal stresses. The main 

difference, however, is that the corrections that are applied to the 

primary transverse moments to account for the effects of relative joint 

displacements are much larger. This behavior results because in the 

region where the plates are narrow and quite stiff in the transverse 

direction, large end moments are introduced even if the magnitudes of 

the relative displacements are quite small. 

It is quite conclusive from this study that the primary transverse 

moments give a very poor indication of the final moments in non-

prismatic folded plates. Consequently, primary transverse moments 

should not be used as a design approximation for non-prismatic folded 

plates, particularly if the structure has a developable surface. 

In prismatic folded plates the correction analysis part of the 

solution also introduce larger corrections to the transverse moment 

than to the longitudinal stresses. The results of Simpson's problem 

presented in Table 1 can be used to make this comparison. One of the 

main differences between the behavior of prismatic and non-prismatic 

folded plates is related to the location in the structure where the 

effects of relative joint displacements are the largest. The displace­

ments in a prismatic structure are usually largest at midspan. In a 

non-prismatic structure which has the same midspan cross-section, the 

magnitudes of the relative joint displacements at this location are 

approximately the same. However, relative joint displacements are also 

quite large near the narrow ends of the tapered plates and even small 

displacements in these regions will introduce large correction moments. 
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2. Slope of the plates 

In some respects, the effect of changing the slope of the plates 

is similar to the effect of changing the taper. Both of these factors 

influence the magnitude of the relative joint displacements. The 

structure shown in Fig. 55 is also used for the purpose of this 

discussion where the taper is held constant at = 0,25, The plate 

slopes, 0̂ , that are considered are listed in Fig. 55c. 

The results of the primary analysis and the final analysis for 

the stresses and transverse moments are shown in Fig, 61 and 62 

respectively. In each case, the distributions are plotted for a valley, 

joint 4, and a ridge, joint 5, The largest difference between the 

primary and final results occur when the slope is shallow, 9̂  ̂ = 30®, as 

compared to the steeper slope where 6̂  = 45°, As the slope of the 

plates is decreased, the deflection angles between the plates also 

decrease and the structure becomes flatter. As a result, the structure 

is more flexible and larger relative joint displacements occur along the 

entire length of the joints. This effect is shown by comparing the results 

of the primary and final analysis for both the stresses and the transverse 

moments. This comparison also shows that the corrections are larger along 

the ridges, especially in the region where both plates are narrow. 

The final distributions of longitudinal stress for all the 

variations in the slope are shown in Fig, 63, In general, the magni­

tude of the stresses at all regions along the joints are affected by 
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varying the slope. There is definitely an elementary explanation for 

this effect on the basis of beam theory. As the slope of the plates is 

decreased, the effective section modulus of the structure also 

decreases. The section modulus is basically a function of the square 

of the height; therefore, it should be expected that the magnitudes of 

the stress should get increasingly larger for each decrease in the 

slope. This trend is clearly indicated by the distributions of stress 

along joints in Fig. 63. 

There is also another basic reason for these increases in stress. 

The area of the horizontal projection of the structure increases as the 

structure becomes shallower. As a result, the structure must carry 

more live load and the stresses would tend to increase due to this 

effect. The effect of relative joint displacements does tend to alter 

these trends. 

A comparison of the variations in the transverse moments resulting 

from changing the slope of the plates is shown in Fig. 64. The 

magnitudes of these moments are shown to increase as the slope decreases. 

This effect is once again related to the fact that both the load and the 

magnitude of the relative joint displacements increase as the structure 

becomes shallower. 

B. Geometrical Form of the Cross-Section 

Each structure considered in the previous parts of this study 

consisted of plates of identical shapes folded to form ridges and valleys 
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alternatively in a regular pattern. Aside from the effects of taper 

and slope, the behavior of a folded plate is also affected by the 

geometrical arrangement of the plates in the cross-section. In this 

section, the analysis of two other geometrical forms will be presented 

to illustrate some other behavior characteristics of folded plates and 

also to show that other types of non-prismatic folded plates can be 

analysed by the proposed theory. These structures were analysed on the 

basis of the Particular Load Method using 10 nodal sections. 

The geometry and loading conditions for the first structure 

considered in connection with the study of cross-sectional form are 

given in Fig, 65. This structure consists of a combination of 

rectangular and trapezoidal elements. One practical advantage of this 

particular cross-section is that the lower horizontal plates provide a 

region for placing longitudinal tension reinforcement and the top 

horizontal plate supplies a considerable area for resisting compression 

forces. 

The structural behavior in this case is affected by the arrangement 

of the plates which gives the result of small deflection angles between 

the plates, = 35*. As shown in Figs. 67 and 68, there are large 

differences between the primary and final results for both the stresses 

and transverse moments. In addition, these corrections are shown to be 

large along the entire length of the joints. This condition results 

because large relative displacements are introduced all along the joints 

by the effect of relatively small plate deflection angles. It should also 
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be noted that the magnitudes of the stresses are generally decreased by 

the effect of relative joint displacements, but the transverse moments 

are increased. In particular, the stresses along joint 3 should be 

noted. In this case, the stresses predicted by the primary analysis 

are in compression, but the final analysis shows that the state of stress 

is completely reversed to tension along the joint. There is only a 

slight evidence of the effects of taper, shox«i by the skew in the shape 

of some stress distributions. The taper effect is still quite evident 

in the distribution of the determinate transverse moments along joint 2, 

As shown in Fig. 67, the predictions of Beam Theory are fairly 

close along joint 4, but there is a larger deviation along joint 3, The 

stresses predicted by Beam Theory will depend upon the cross-section 

that is considered in the analysis. The results presented in Fig, 67 

are based on the portion of the cross-section designated in Fig, 65, 

Beam Theory is shown to yield slightly better predictions in this case 

because the effects of relative displacements are more uniformly 

distributed over the length of the structure and the localized displace­

ments introduced by the effects of taper are small. 

Another geometrical form to be considered is shown in Fig, 66, 

The arrangement of the plates in this structure is obtained by alternating 

the plate elements in groups of three. Although it is not apparent from 

the sketch in Fig. 66, the middle module of three plates can be repeated 

many times to form an attractive structure. The geometrical properties 

and loading conditions for this case are also given in Fig, 66, 
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The basic trends in the behavior of this structure are similar to 

those observed for the structure shown in Fig. 65. This structure also 

contains some cases where the deflection angles between the plates are 

quite small, in this case 45*. As a result, the effects of relative 

joint displacements are large over the entire length of the structure 

as shown by comparing the primary and final stress distributions in Fig. 

69. The stresses in all regions of this structure are low, even near 

the outer edge. The effect of taper which is more evident in the primary 

analysis along joint 1 is dampened out in the final results. It is 

interesting to note that the stresses near the narrow end of plate 1 

along joint 1 are in tension while beam theory would indicate compressive 

stresses in this region. In this case, the indications of beam theory 

are definitely wrong because the plate load which is introduced into 

plate 1 by resolving a downward vertical joint load at joint 2 tends to 

bend the outer plate such that tension will exist along the outer joint. 

An illustration of this force resolution is shown on the cross-section 

in Fig. 66. A similar trend is frequently indicated when small edge 

beams are projected upward along the outer edges of prismatic folded 

plates. In this case, the outer edge of the edge beam is usually in 

compression while beam theory would tend to indicate that this edge should 

be in tension. 

The predictions of Beam Theory for an interior portion of the 

structure shown in Fig. 66 are given in Fig. 69. The results along the 
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valley, joint 3, seem to be quite close, but the predictions along the 

ridge, joint 4, are much more inaccurate. 

The magnitudes of the transverse moments shown in Fig. 70 are 

small along all joints except in joint 3. In this case, the effects 

of relative joint displacements introduce large correction moments. 

Although the moments along joint 3 are larger than those along the other 

joints, the maximum moment is still much smaller than those that were 

observed in some of the other structures studied in this chapter. 

G. Edge Boundary Conditions 

The structural behavior of a folded plate is definitely influenced 

by the boundary conditions along the outer longitudinal edges of the 

structure. In all the previous studies in this chapter, a free edge 

boundary condition has been considered, A study was conducted to determine 

if some of the highly stressed regions in these non-prismatic folded 

plates can be relieved by providing a simple support along the outer 

longitudinal edges. The same structural shape used in the study of the 

effects of taper and slope, shô m in Fig. 55, is used in this investi­

gation, The particular case where 9,̂  = 0.25 and 6̂  ̂= 30® is considered. 

The general behavior of this structure is studied by comparing the 

effects of a simple support condition to the effects of a free edge 

condition. 

A simply supported edge condition can be provided by constructing 

bearing walls along the outer longitudinal edges of the structure. It 

is assumed in this study that support displacements are prevented in the 
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vertical direction, but the structure is free to translate in the 

horizontal plane perpendicular to the outer edge. It is also assumed 

"that the structure is free to deform along the length of the outer 

edge such that shear stresses do not develop at this edge. 

The stress distributions along the exterior edge, joint 1 and the 

interior ridge, joint 5, are shown in Fig. 71 for the cases of the 

simply supported edge and the free edge condition. The stress predictions 

for both the primary analysis and the final analysis are included. It is 

evident by comparing the final results at the exterior edge and at the 

interior ridge, that the effects of providing a simple support along the 

outer edge are quite localized. In the case of the outer edge, joint 1, 

A . 
there is a large difference between the stress distributions. The large 

stresses associated with the free edge condition are lowered a great deal 

by providing a simple support along this edge. A comparison along the 

interior ridge, joint 5, shows that the boundary conditions do not affect 

the stresses in the interior of the structure because the magnitudes and 

distributions of stress are practically the same for both cases. This 

condition should be expected because boundary conditions usually cause 

only localized effects in any boundary value problem. These localized 

effects are quite important in this case to relieve the high stresses 

along the outer plate and to provide edge stability for the structure. 

The effects of providing a simple support along the outer edge have 

a similar influence on the transverse moments as shoxm in Fig, 72. In 

the case of a free edge, the moments along joint 2 are large because of 
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the large cantilever effect. These moments are reduced in magnitude 

by providing vertical restraint along the outer edge. The general 

distribution of the transverse moments along the outer edge is also 

changed a considerable amount. The moments along the interior ridge, 

joint 5, are practically the same for both boundary conditions. This 

result is unfortunate, since the magnitudes of the transverse moment 

in interior parts of the structure are not reduced by providing a 

simple support along the outer edges of the structure. 
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VII. SUMMARY 

A theory is developed in this study to analyse long simply 

supported non-prismatic folded plates. In many respects, the theory is 

similar to Ordinary Folded Plate Theory used in the analysis of prismatic 

folded plates. The basic concepts of Ordinary Folded Plate Theory are 

generalized in this study to account for the conditions of non-similar 

loading and the effects of non-prismatic plate elements. 

Because of the non-prismatic nature of the structures, a method of 

nodal analysis is used. A structure is analysed at a finite number of 

nodal sections in the transverse direction on the basis of a one-way slab 

analysis. In the longitudinal direction, the plate elements are assumed 

to act as beams. Stresses are matched at a number of nodal sections 

along each interior joint by applying a Modified Three Shear Equation 

which is derived to account for the effects of tapered plate elements. 

A complete analysis of a structure consists of a primary analysis 

in which the effects of relative joint displacements are neglected and 

a correction analysis which takes these effects into account. In the 

correction analysis, the deflected shape of the structure is based on a 

numerical integration of the curvature distribution. 

The theory is formulated by two methods of analysis, namely, the 

Iteration Method and the Particular Load Method. Computer programs were 

written for both of these methods since the only practical means of 

analysing non-prismatic folded plates by these methods is with the aid 
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of a digital computer. When the Iteration Method is applied to analyse 

struciures in which the effects of relative joint displacements are 

large or whenever the plate elements taper to a point at the supports, 

the solution may tend to oscillate around the true solution or it may 

even diverge. This problem is not encountered in applying the Particular 

Load Method since a complete solution is obtained by this method. 

As a special case, the theory can be used in the analysis of 

prismatic folded plates. One particular advantage of this method is 

that conditions of non-similar loading can be considered in a single 

analysis of a structure. 

The theory is used to analyse prismatic folded plates subjected to 

conditions of similar and non-similar loading. It is shown that the 

results of the proposed theory are practically identical to those obtained 

by applying Ordinary Folded Plate Theory, The predicted results of the 

theory also correlate very well with the experimental results of a model 

study conducted on two non-prismatic folded plates. In most cases, the 

theoretical results are within 14% of the experimental data. 

In the behavior study conducted on a number of non-prismatic folded 

plates, many interesting trends were noticed. The observations made in 

this study are summarized below; 

1, In the narrow regions of tapered plate elements, large transverse 

moments are developed mainly as a result of relative joint 

displacements. These moments are larger in regions where the 

narrow ends of two tapered plates are adjacent to a common joint. 
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The moments are usually smaller along a joint where the narrow 

end of one plate is adjacent to the wide end of another plate. 

The effects of relative joint displacements are larger in 

flatter structures or in structures where the deflection angles 

between the plates are small. In these structures the effects 

of relative joint displacements introduce large corrections to 

the stresses and transverse moments predicted by the primary 

analysis. 

The effects of relative joint displacements are usually largest 

near the midspan of prismatic folded plates. In non-prismatic 

folded plates, the effects of relative joint displacements near 

midspan may be quite small compared to those in the narrow 

regions of tapered plate elements. 

The boundary condition of a simple support along the outer 

longitudinal edge of a structure helps to reduce the large 

stresses and transverse moments that are associated with a free 

edge boundary condition. However, this effect is localized to 

regions near the boundary. 

The stresses and transverse moments predicted by the primary 

analysis are usually a poor indication of the final magnitudes 

and distributions of stresses and moments in non-prismatic 

folded plates. The predictions of the primary analysis are 

more inaccurate in cases where the plate elements have larger 

tapers. Consequently, the primary analysis is usually not 
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adequate for even the preliminairy design of a non-prismatic 

folded plate, especially if the structure has a developable 

surface. 

6. In regions near the narrow ends of tapered plate elements, the 

original cross-section of the structure becomes distorted and 

the stresses predicted by Beam Theory for interior plate 

elements are usually very inaccurate. The predictions of Beam 

Theory are more accurate if the plate elements are more 

prismatic in shape. 

7. It is definitely not advisable to design a non-prismatic 

folded plate in which the pointed ends of triangular plate 

elements are located at the supports of the structure. The 

pointed effect of a plate element introduces a singularity 

condition and theoretically, the stresses near the point 

approach infinity. This condition can be relieved by providing 

a slight over-hang so that the points are shifted to regions 

of lower stress and the singularity conditions are eliminated. 

The computer programs written for this investigation can be modified 

so that structures with more general geometrical conditions can be 

analysed. With the addition of a subroutine in which the longitudinal 

plates of the structure can be analysed as continuous beams, non-

prismatic folded plates that are continuous over intermediate support 

diaphragms could also be considered. The method of nodal analysis 

offers another advantage that was not taken into account in the present 
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computer programs. By modifying the programs so that the geometrical 

properties of each plate at each nodal section are read into the 

computer, non-prismatic plate elements which vary in thickness along 

the longitudinal span of the plates could be considered. In addition, 

the Modified Three Shear Equation could be extended to account for 

variations in thickness over the depths of the plates. The present 

computer programs were not written to take advantage of temporary data 

transfer to magnetic tapes. By using this technique, it may be possible 

to consider structures which consist of a larger number of plate elements. 

Although the theory presented in this study is quite general, it can 

only be applied in the analysis of long non-prismatic folded plates where 

the degree of plate taper is not too large. In order to analyse 

structures with shorter spans and larger plate tapers, a theory must be 

developed which is based on elastic plate theory and the elasticity 

solution of the plane stress problem. 
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X. APPENDIX A: NOTATION 

The following subscript and superscript notation is used in this 

investigation; 

no = node or nodal section. 

i = plate or member. 

j,k = joint. 

ij = interior joint. 

nn = number of nodes or last node. 

m = number of plates or members. 

nj = number of joints. 

nij = number of interior joints, 

nr = number of restraints, 

n = number of degrees of freedom. 

p = the primary analysis. 

s = the secondary analysis. 

c = the correction analysis, not including the secondary 

transverse moments. 

r = a particular loading system. 

f = the final solution. 

The subscript notation on the variables is used to refer to a 

particular location on the structure. For example, f . .is the 
no,i,j 

longitudinal stress parallel to the neutral axis at nodal section "no" 

for plate "i" at joint "j". The notation RC . is used to refer to 
no, j 
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the concentrated holding force intensity at nodal section "no" along 

joint "j". Ifhenever a specific reference is made to a particular part 

of the analysis, a superscript notation is used. For example, . 
"0,3 

refers to the transverse bending moment at nodal section "no" along 

joint "j" for the primary analysis, p. 

The following notation is used to define the variables: 

TM . = transverse bending moment per unit width of slab. 
no,] 

 ̂ = longitudinal plate load bending moment. 

T . = shear force. 
no,j 

AR . = joint reaction intensity or holding force intensity, 
no, J 

RC . = concentrated holding force. 
no,] 

RX . = joint load intensity. 
no,] 

j = concentrated force of a particular loading system. 

FI . = complimentary holding force intensity of a particular 
no,] 

loading system. 

j = concentrated complimentary holding force of a 

particular loading system. 

K . = concentrated nodal force used to initiate a particular 
no,] 

loading system. 

= linear constant expressing the proportional amount of 

a particular load system r. 

PI . , = component of the plate load intensity. 
no,],k 

PL̂ Q ̂  = plate load intensity. 

PC , = concentrated plate load. 
no,i  ̂
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RZ^ 
= modified reaction at left support of a plate. 

= longitudinal stress parallel to the edge of a 

plate. 

•H O 

= longitudinal stress at the edge of a plate parallel 

to the neutral axis. 

n̂o,j 
shearing force per unit length along a joint. 

G . , 
no,i,j 

longitudinal strain at the edge of the plate 

parallel to the neutral axis. 

a 
n 

stress parallel to the neutral axis of a plate. 

's 
stress perpendicular to the neutral axis of a plate 

strain parallel to the neutral axis of a plate. 

strain perpendicular to the neutral axis of a plate 

L span between end diaphragms. 

Le edge length of the plates. 

Lnâ  length of the neutral axis of a plate. 

&nâ  length of neutral axis between nodal sections. 

&e edge length of a plate between nodal sections. 

n̂o,i 
= plate depth. 

d£. plate depth at the left end. 

d'i plate depth at the right end. 

dniĵ  
= plate depth at midspan. 

n̂o,i 
horizontal projection of the depth of a plate. 

tl thickness of a plate. 

n̂o,i 
cross-sectional area of a plate. 
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Z . = section modulus of a plate. 
no |X 

I . = moment of interia of the transverse slab per unit 
no,l 

width. 

0̂  ̂̂  = sloping angle of a plate with respect to the 

horizontal in a cross-sectional view, 

^̂ 2 ~ deflection angle between plates in a cross-sectional 

view. 

a = angle of plate taper. 
|dr̂  - d&̂ l 

0. = taper parameter defines as : . 

 ̂ = curvature intensity. 

 ̂ = concentrated angle change. 

<5̂  ̂̂  = plate deflection in the plane of a plate, 

Sv . = vertical joint deflection. 
• no,J 

A . = translational deflection perpendicular to the cross-
no,i 

section of a plate or member. 

= modified slope at left support of a deflected plate, 

E = modulus of elasticity. 

p = Poisson's ratio. 

y' = unit weight of the material. 

ŵ ĵ̂  = distributed live load based on the horizontal 

projection, per unit width of slab, 

ŵ ĵ̂  = distributed dead load per unit width of slab. 

T̂no i ~ resultant vertical load applied to a member. 



www.manaraa.com

127 

The following matrix notation is used in this investigation: 

[SJJno = the overall joint stiffness matrix corresponding to 

the degrees of freedom and the restrained portions 

of the structure, 

[S] = the stiffness matrix corresponding to the degrees of 
no 

freedom, 

[SRD]̂  ̂= the stiffness matrix of end-actions corresponding to 

the support restraints which are caused by unit 

displacements corresponding to the degrees of freedom, 

T 
[SDR]̂  ̂= [SRD]̂  ̂the matrix of actions corresponding to the 

degrees of freedom and caused by unit displacements 

corresponding to the joint restraints. 

[SRR]̂  ̂= the matrix of actions corresponding to the support 

restraints caused by unit displacements corresponding 

to the same set of restraints, 

[Ŝ n̂o i~ basic member stiffness matrix for member i, 

{ad} = the column vector of actions (shears and moments) 
no 

corresponding to the degrees of freedom of the 

system, 

{AM} .= the column vector of unknown end-actions for the 
no,i 

member i. 
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{AML} . = the column vector of fixed end-actions for the 
no,i 

member i. 

{AR} = the column vector of unknown reactions, 
no 

{ARL} = the column vector of reactions in the restrained 
no 

structure resulting from the applied load, 

corresponding to the unknoTm reactions, 

{AE}̂  ̂ = the column vector of equivalent joint loads, 

{AJ} = the column vector of actual joint loads. 
no 

{AC} = the column vector of combined joint loads, 
no 

= the over-all joint displacement matrix containing 

all the degrees of freedom and restrained displace­

ments, 

{D}̂ Q = the column vector of unknown displacements corre­

sponding to the degrees of freedom, 

{DM}̂ o £ = the column vector of displacements corresponding 

to the ends of the member i, 

[AA] = the coefficient matrix in the Modified Three Shear 

Equation matrix formulation. 

{T'} = the shear force vector arranged in order of the 

numbering system shmm in Fig. 30. 

{T} = the shear force vector arranged according to the 
no, J 

actual node-joint notation given in Fig. 30. 

{C} = constant vector in the Modified Three Shear Equation 

matrix formulation. 
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[F] = the coefficient matrix in the Particular Load 

Method matrix formulation which contains the 

concentrated loads , of all the particular 
no,J 

loading systems. 

{g} = the column vector of linear constants expressing 

the proportion of each particular loading system 

required to remove the effects of the secondary 

holding forces. 

{R} = the column vector containing the concentrated 

secondary holding forces, RC ., at all the 
no,J 

interior nodes of the structure. 
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APPENDIX B: TABLES 
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Table 1. Comparison of theories in the analysis of a prismatic folded plate with a similar 
loadinĝ  

Joint 

Longitudinal stress at midspan, f 
(psi.) 

Primary analysis Final analysis 
Proposed Ordinary Proposed Ordinary 
theorŷ  theorŷ  theory theory 

Transverse moments at midspan, TM 
(lb.-in./in.) 

Primary analysis Final analysis 
Proposed Ordinary Proposed Ordinary 
theory theory theory theory 

1 

2 

3 

4 

-856 

+717 

—564 

+504 

-855 

+717 

-565 

+505 

-826 

+706 

-563 

+501 

-826 

+708 

-564 

+501 

-1194 

- 284 

- 587 

-1194 

- 284 

- 587 

-1194 

- 749 

-428 

-1194 

- 751 

- 429 

Ŝtructure and loading conditions shown in Fig, 39. 

B̂ased on 7 nodal sections. 

R̂esults presented by Simpson (14). 
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Table 2. Comparison of theories in the analysis of a prismatic folded plate with a non-similar 
loadinĝ  

Longitudinal stress at midspan, f Transverse moments at midspan, TM 
(psi.) (lb.-in./in.) 

Primary analysis Final analysis Primary analysis Final analysis 
Joint Proposed Ordinary Proposed Ordinary Proposed Ordinary Proposed Ordinary 

theorŷ  theorŷ  theory theory theory theory theory theory 

1 -870 -867 -840 -845 

2 +757 +753 +746 +747 -1194 -1194 -1194 -1194 

3 —654 +656 -653 -656 - 391 - 391 - 868 - 872 

4 +628 +624 +624 +617 - 908 - 909 - 714 - 717 

Ŝtructure and loading condition shown in Fig, 40. 

B̂ased on 15 nodal sections. 

Ânalysis for similar loading cases of dead load and live load superimposed. 
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Table 3. Theoretical and experimental longitudinal stresseŝ  

Model 1 Model 2 

Gage  ̂ Theor. Expr.̂  Error̂  Gage 2 Theor, Expr.̂  Error̂  
location (psio) (psi.) (%) location (psi.) (psi.) (%) 

1 -648 -470 +38 lA -505 -584 -14 
IB +254 +270 - 6 

2 -789 -739 + 7 2 -676 -710 - 5 
3 +143 +115 +24 3 +451 +425 + 6 
4 -581 -597 - 3 4 -655 -702 - 7 

5 -203 -183 +11 5 -275 -303 -10 
6 +185 +207 -11 6 +107 + 65 +65 
7 +563 +549 + 3 7 +641 +576 +11 
8 -410 -372 +10 8 -428 -418 + 2 

9 +612 +573 + 7 9 +545 +576 - 5 
10 -289 -242 +19 10 -344 -356 - 3 
11 -478 -453 + 6 11 -573 -586 - 2 
12 -712 -625 +14 12 -635 -666 - 5 

13 +231 +218 + 6 13 +229 +221 + 4 
14 +286 +261 +10 14 +338 +301 +12 
15 + 38 + 57 -33 15 +286 +304 - 6 
16 -176 -164 + 7 16 -166 -171 - 3 

êr load increment as defined in Fig. 49, parallel to the neutral 
axis. 

Ĝiven in Fig. 50. 

B̂ased on strain measurements from top and bottom gages. 

Error indicates theory over-predicts experimental results. 

®Given in Fig. 51. 

B̂ased on strain measurements from top gages only. 
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Table 4. Theoretical and experimental vertical joint deflections* 

Model 1 Model 2 

Dial  ̂
location 

Theor. 
(in.) 

Expr. 
(in,) 

Error̂  
(%) 

Dial j 
location 

Theor. 
(in.) 

Expr, 
(in.) 

Error̂  
(%) 

A 0.0069 0.0067 + 3 A 0.0031 0.0031 0 

B 0.0065 0.0062 + 5 B 0.0038 0.0039 - 3 

C 0.0038 0.0043 -12 C 0.0025 0.0024 + 4 

D 0.0064 0.0068 - 6 D 0.0037 0.0039 - 5 

E 0.0033 0.0038 -13 E 0.0021 0.0023 - 9 

F 0.0058 0.0058 0 F 0.0034 0.0031 +10 

G 0.0064 0.0061 + 5 G 0,0027 0.0026 + 4 

êr load increment defined in Fig. 49. 

Ĝiven in Fig. 50. 

+ Error indicates theory over-predicts experimental results. 

"̂ Given in Fig. 51. 
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Table 5. Theoretical and experimental transverse moments in Model 1̂  

Gage 
location 

Theor. 
(lb.-in./in.) 

Expr. 
(lb.-in./in.) 

Error̂  
(%) 

1 0.868 0.709 +22 

2 0.299 0.346 -14 

12 0.313 0.333 - 6 

15 0.085 0.071 +19 

êr load increment defined in Fig, 49. 

Ĝiven in Fig. 50, 

% Error indicates theory over-predicts experimental results. 
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XII. APPENDIX C; FIGUEES 
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Fig, 1, Non-prismatic folded plate structure 

Fig. 2, Typical non-prismatic folded plate 

Plate load 

Plate structure 

Articulated Joint 

Continuous joint 

Slab structure 

Surface load transmitted 

tKe joints 

Fig, 3. Basic slab and plate structures 
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Nodal Sectloi 

Nodes 

Fig. 4, Structure divided into transverse nodal sections 

i 1 i t i i t I i i-rr t 1 1 I 1 ; i 

emporary Support 

:ontinuous along th« length 

of the joint) 

Fig. 5. Transverse nodal section of the slab structure 

no.j 

Fig, 6, Distributed joint loads applied to the plate structure 
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no,3,t 

no, 2,1 

Pino,.; 

Fig. 7, Resolution of joint loads 

PLo,l PL, i PL; , f̂ l-n̂ P̂Lô t 

Ril 1 

R£i'Rll-PĈ ,i 

P<L PC,;, PC,( pq P%̂ .c 

' Modal sections 

Fig. 8. Plate load bending analysis 

n.a 

A. 

Plate, L 

lno,j 

Modal 
Section, no 

dhÔ l  ̂ [ 

Fig. 9. Forces acting on a section of a plate 
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no.t.j 

nodal section* ^no,i,j-< 

(a) Stress and strain 
distributions 

|no 

Lhai 

nn-i 

fio,l 

(b) Curvature distribution 

<ÏRt (c) Concentrated angle 
changes 

«0,1 

(d) Deflected curve 

Fig. 10. Plate deflection analysis 

Fig, 11. Williot geometry applied to the disconnected 
plate problem 
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hodal section-

Fig, 12, Plate geometry approximations and co-ordinate system 

+ Z 

jU+t=ntj 
J.éstdJ 

L*5ctn 

Interior 

loîhts 

Fig, 13. Co-ordinate system for a structure in plan view and 
node-joint notation 

Fig. 14. Geometry of a typical nodal section 
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j-' 

Fig. 15, Sign convention for the angles defining the slope 
of the plates and the deflection angles between 
plates 

3 4 

j = 

Fig. 16. Temporary vertical restraints at the joints of a 
typical nodal section 

Fig. 17. Typical restrained nodal section 
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I c Ui ̂  m 

4' 
4 

(a) 

|2j-l Ŝk-I 

y«« ;x̂  
-̂ z-j 

(b) 

f , Î 
4 xfz 

(c) 

kl 

hr> 

Ẑ M| i2m + l 

^ \ 
r 4 

2 \ , l-ld L é t*' \ f m-l d M 

2M 

Fig. 18. Displacement vector notation 

no,I 

CO; 

h!., "»> 

— ̂Elviô c yX. 

d-».i 1 
I J L i 

*̂>0,1 "hO.fc 
(a) Unit translation at left end (c) Unit translation at right end 

4EI 

d«.,l h„,i X 

^10, i 

2EÎ  

T dnô i 

2EÎ ,t 

4EI»O,I y!"! 

ĥo,L ̂«0,1 

(b) Unit rotation at left end (d) Unit rotation at right end 

Fig. 19. Generating a typical member stiffness matrix 
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/ no,J 

(s j)no,jZ.jl • 

(a) 

no,k 

(SĴ nô k2,jl * (SM+|̂ no»t 

ro.i'i 

kSJ")rtûjjl,j2 "(51̂ 34)̂ 0,1-1 

^ HO,1*1 ^ 

^̂ no,k , 
ĈSj)M0,k2,jZ "(SM4z)̂ l 

(5 J')n<.,j z,jz'( 5MV»)no,i-. 

(b) 

I 
u n9»L̂  ̂ ĥô'î  DO*kt 

(s j)„o,j 2,t<l =(SMz3)na,k 

(c) 

t t 

(3j)̂ ,j2,lc. = èM,4)no,£ 

(d) 

Fig. 20. Joint stiffness matrix coefficients 
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[s jl= : 

wm 

Fig. 21. Original over-all joint stiffness matrix 

Fig. 22. Rearranged over-all joint stiffness matrix 
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1 t I I I t I t 1 

AM L.no,i| 3 

'AMl-no,£,< AMLno,£,-4 

Fig, 23, Fixed end-actions caused by surface loads 

Fig. 24. Fixed end-actions caused by relative joint displacements 

^̂ ho,2j-l 

AEno.2k 

Ê>to,2k-l 

AMLno,Ui,l 

Fig. 25. Forming equivalent joint loads 

M̂no,i,3 

Fig. 26. Member end-actions and transverse moments at the joints 
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L+i 
•<U| 

Sino<[ coso^i 

l\<r- 5ino<( 

Sino<, 

"fl ;0)tiCO30<iSino(i =<l COScfj 

Fig, 29, Equilibrium of forces on two elemental sections 
of plate adjacent to a common joint 

ny«4̂  

— Free or Simply Suppor ted,  Tne,nJ-0  

Supported 
^ 5/mply 

Supported 
Tj--0 

lOtntlS + X 

Free or Simply Supported,T„o^, "0 

Fig, 30, Shear force notation and boundary conditions 
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T,., 

T..4 «t; TJ,. --T:, 

•n,3 --ri TJ.T: •T.; 

^ ^  

! 
nodal section 2 3 

(a) 

5 

4 

3 

Z 

I _ 
lOmtS 

ho,j 

1,2 aaî  jaaip 0 0 aâ s 0 0 0 0 0 0 0 

1.3 aâ , aa, aaJ3 0 0 aa|̂  0 0 0 0 0 0 

0 AA33 0 0 aaĵ T 0 0 0 0 0 

1,5 0 0 aâ  ̂aa4,, 0 0 0 aô4.8 0 0 0 0 

aâ i 0 0 0 aâ  0 0 aâ  0 0 0 

2.3 0 aâ 2 0 0 aa(p aa44 aa47 0 0 aâ yo 0 0 

2.4 0 0 0 0 aa.> aa,, aa),8 0 0 aa,,„ 0 

2,5 0 0 0 aa., 0 0 aae/ aagg 0 0 0 AAa_,z 

3,2 0 0 0 0 aa,̂  0 0 0 AAqj 0 0 

3.3 0 0 0 0 0 aa„j, 0 0 AA,, AA,. aa„„ 0 

0 0 0 0 0 0 aa|,y 0 0 aa„„ AA... AA„,„ 

3.5 0 0 0 0 0 0 0 0 0 aa.„ 

T[ 

t' 

t; 

t: 

t; 

t: 

t; 

T: 

i; 

T'o 

t; 

c, 

il 

C3 

c 

c 

c 

c 

q 

(b) 

Fig. 31. Matrix formulation of Modified Three Shear Equations 



www.manaraa.com

150 

Fig, 32. Matching joint deflections by Williot geometry 

RCÎo.jOrFĈ j 

This port oF the distribution 

fs negfected. 

Fig. 33. Distributed and equivalent concentrated holding forces 
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Fig. 34. Matrix formulation for the Particular Load Method 
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(fcî/K',) nn.nij 

nodal 
sections 

3.ĥ  

X 9, 

14.ny 
I Interior Jofnts 

X 

+ 

+ 

II 
(-) 

RC; 

Rc: 

RC: 

35, Removing the effects of the secondary holding 
forces by the Particular Load Method 
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(START) 

HMD LOAD INDEX DATA FOR TYPE OF LOADING 

CALL SUBROUTINE MATINV 
Invert Matrix [AA] 

READ INPUT DATA 
(Listed In Section IV.A,1.) 

READ roilFORM JOINT LOAD INTENSITY 
(Each joint) 

GENERATE COEFFIGIEITTS FOR THE MODIFIED 
THREE SHEAR EQUATION MATRIX, [AA] 

GENERATE JOINT STIFFNESS MATRIX, [SJ] 
(Each nodal section) 

READ SEPARATE FIXED END ACTIONS 
(Only loaded plates @ loaded 
nodal sections) 

COieUTE PLATE GEOMETRY 

(All nodal sections, all plates) 

READ SEPARATE UNIFORM SURFACE LOAD lOTENSITIES 
COMPUTE FIXED END ACTIONS 
(Only loaded plates @ loaded nodal sections) 

CALL SUBROUTINE M/iTINV 
Invert Degrees of Freedom Portion 
of the Joint Stiffness >ktrix, [sj^^q 
(Each nodal section) 

READ UNIFORÎ'I SURFACE LOAD 
INTENSITIES 
(Each plate) 
COieUTE FIXED ElfD ACTIONS 
(All nodal sections, 
all plates) 

Fig. 36, Common flow chart 
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COMT = 11 

Yes 
lOUNT = 

COUNT = COUNT + 1 

WRITE OUT PRIMARY STRESSES 
(All nodes) 

READ INDEX FOR MST CYCLE 
(In case solution doesn't converge) 

COMPUTE SHEAR FORCE VECTOR, . 
Add to Shear Force Accumulator * 

COMPUTE CONSTAÎJT VECTOR FOR THE 
MODIFIED THREE SHEAR EQUATION MATRIX, (C) 

COMPUTE MATCHED LONGITUDINAL STRESSES, f ̂  . . 

FORM JOINT LOADS, RÎ  ̂. 
Resolve Joint Loads ' 
into Plate Loads 
(All nodes) 

COMPUTE EQUIVALES JOINT LOADS, AE 
AND COMBINED JOINT LOADS, AC 
(All nodes) 

CALL SUBROUTINE MODEFL 
Compute Concentrated Plate Loads 
and Plate Load Bending I-foments 
(Each nodal section, each plate) 

ADD TRANSVERSE MOî'ENTS TO I'lOI-ENT ACCUMULATOR 
Write Out Transverse >foments for this Cycle 
(All nodes) 

TRANSVERSE BENDING AlfALYSIS 
(Each nodal section) 
Compute Transverse Bending Moments, TÎ-̂ q j and 
Holding Force Intensities, ' 

Fig. 37, Flow chart for the Iteration Method 
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i 
ADD STRESSES TO STRESS ACCUMULATOR 
(All nodes) 

1 
COieUTE CURVATURES 
(Each nodal section, each plate) 

CALL SUBROUTINE M0D3FL 
Compute Concentrated Angle Changes 
and Plate Deflections 
(Each nodal section, each plate) 

I 
COMPUTE VERTICAL JOINT DEFLECTIONS,. 
Add to Joint Deflection Accumulator ' 
(Each node) 

COMPUTE RELATIVE DEFLECTIONS PERPENDICULAR 
TO EACH PLATE, A  ̂

(All nodal sections) 

COÎ-IPUTE FIXED END ACTIONS DUE TO 
RELATIVE DEFLECTIONS,A^ 
(Each nodal section, each'plate) 

n̂ -<50UNT='̂  

COlffARE TRANSVERSE M0I4SNTS FROM THIS CYCLE TO 
ACCUMULATED TRANSVERSE MOlffiNTS TO SEE IF 
ANOTHER ITERATION CYCLE IS REQUIRED 
(Each node) 

IS 
Yes ÎOUNT = LAST CYCLE 

Yes 

miTE FINAL OUTPUT DATA 
(Listed in Section IV.A.3.) 

Fig, 37 (Continued) 
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î 
COUNT = 1 

APPLY CONCENTRATED NODAL FORCE, 
INITIATE A PARTICULAR LOADING SYSTS 
(Interior node) 

TO 

RESOLVE NODAL FORCE lOTO CONCENTRATED 
PLATE LOADS 
(Adjacent plates) 

COMPUTE PLATS LOAD BEimiNG M014SÎWS 
(All nodal sections, adjacent plates) 

COMPUTE CONSTANT VECTOR FOR THE 
MODIFIED THREE SHEAR EQUATION MATRIX, {C} 

T 
COMPUTE SHEAR FORCE VECTOR, {T} 

COUNT = 1 

STORE PARTICULAR LOAD 
SHEAR FORCES 
(All nodes, each par­
ticular loading 
sep̂ atelv) 

STORE PRIMARY SHEAR FORCES! 
(All nodes) 

T: 
COÎTOE MATCHED LONGITUDINAL STRESSES, . . 
(All nodes) 

COUNT = 1 

STORE PARTICULAR LOAD STRESSES 
(All nodes, each particular 
loading separately) 

WRITE OUT AND STORE 
PRU'IARY STRESSES 
(All nodes) 

COMPUTE CURVATUREŜ  
(Each nodal section, each plate) 

é 
Fig, 38. Flow chart for the Particular Load Method 
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Yes 
OUNT = 1 

COUNT = COUNT + 1 

Yes No 
OUNT = 1 

STORE PRE-'IARY VERTICAL 
JOINT DEFLECTIONS 
(All nodes) 

COIffUTE VERTICAL JOINT DEFLECTIONS,4 
(Each node) " 

COWUTE FIXED END ACTIONS DUE TO 
RELATIVE DEFLECTIONS,  ̂
(Each nodal section, each*plate) 

COMPUTE RELATIVE DEFLECTIONS 
PERPENDICULAR TO EACH PLATE,A 
(All nodal sections) 

STORE PARTICULAR LOAD 
VERTICAL JOINT DEFLECTIONS 
(All nodes, each particular 
loading separately) 

COMPUTE EQUIVALENT JOINT LOADS, AE AUD 
COMBINED JOINT LOADS, AG 
(All nodes) 

CALL SUBROUTINE MODEFL 
Compute Concentrated Angle Changes 
and Plate Deflections 
(Each nodal section, each plate) 

TRAliSVERSE BENDMG AîIALYSIS 
(Each nodal section) 
Compute Transverse Bending Moments, TM̂ q̂ t 
and Holding Force Intensities, AR̂ o,j ô '̂ n̂o,j 

Fig, 38 (Continued) 
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es 

COUNT 

THIS  ̂
THE LAST PARTICULAR 
-̂̂ LOAD SYSTEM?̂  

COMPUTE PARTICULAR LOAD COEFFICIENTS,# 

STORE SECONDARY 
TRANSVERSE MOHSÎ TS 
(All nodeg ) 

WRITE OUT FINAL OUTPUT DATA 
(Listed in Section IV>A,3») 

CALL SUBROUTINE MATINV 
Invert Particular Load I'latrix, [F] 

WRITE OUT AND STORE 
PRI:mY TRANSVERSE 
MOMENTS 
(All nodes) 

COMPUTE FINAL OUTPUT DATA 
Primary Analysis plus Correction Analysis 

FORM PRD'IARY JOINT 
LOADS, Rigo 
RESOLVE JOi: 
INTO PLATE LOADS 
(All nodes) 

;]rf'LOADS 

STORE PARTICULAR LOAD 
TRj\NSVERSE MOÎ-ENTS 
(All nodes, each 
particular loading 
separately) 

'FORiM NEXT COLUI# OF 
PARTICULAR LOAD MTRIX, [F] 
WITH THIS PARTICULAR 
LOADING SYSTEI-1 

COMPUTE EQUIVALENT 
SECOITOARY CONCENTRATED 
HOLDING FORCES, RCĝ  ,• 
AND STORE IN VECTOR # 
(All interior nodes) CALL SUBROUTINE 

MODEFL 
Compute Concentrated 
Plate Loads and 
Plate Load Bending 
Moments 
(Each nodal section, 
each plate) 

COMPUTE EQUIVALENT 
CONCENTRATED HOLDING 
FORCES, FCgo ,-;C01ffiIl 
WITH NODAL FÔRCE, . 
KRo i,TO FORM COMPLE" 
PARTICULAR LOADING 
SYSTEM 
(One force at each 
interior node) 

Fig. 38 (Continued) 



www.manaraa.com

159 

Full distribution e>F pead load 

Qs sKouh on cross - section 

10' 

(b) 

Fig. 39. Prismatic folded plate with similar loading 

Rjrtial d istriti/tion of Live load 

FolJ distribution ôf Dead load 
03 s^iown on cross-section Live load 

3opsf. 

10' 

Section A A' 

(b) (a) 

Fig, 40, Prismatic folded plate with non-similar loading 
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Stress, f — 0 
( p s i )  

Q" R3.3I 
-I— R-oposocf TT̂ e 

0 

800 

Fig. 41, Stress distributions along the joints of a prismatic folded 
plate with similar loading (Fig. 39) 
1200 

$co 

-TM éoo 

Both TfiaoHes 

1 f 

Joint, Fig. 39 

Proposed Tïieory 

Ordinary TTieot-i^ 

/ 

-

Diatoncs from left dlaph rcsam 
A. L 3L 
4 2. 

1 1 1 1 1 
4 
1 1 

Fig. 42. Distribution of transverse moments along the joints of a 
prismatic folded plate with similar loading (Fig, 39) 
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«000 

Il ••••— P^oposed 
— OrdinaruHicof̂ f 

600 

Distance from left diaphrag 

43. Stress distributions along the joints of a prismatic 
folded plate with non-similar loading (Fig. 40) 

1200 

eoo 

-TM 

Distance from (eft diaptiragfn 

3L 
O 

44. Distribution of transverse moments along the joints of a 
prismatic folded plate with non-similar loading (Fig, 40) 
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Right diophrag 

(a) Model 1 

Left ctlaphr 

Rigkt diaphroigm 

(b) Model 2 

(c) Cross-section at left 
diaphragm of Model 1 

(e) Cross-section at left 
diaphragm of Model 2 

(d) Cross-section at right 
diaphragm of Model 1 

(f) Cross-section at right 
diaphragm of Model 2 

Fig. 45, Geometry of the model structures 



www.manaraa.com

Fig. 47. Model 1, load and support systems 
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Fig, 48, Model 2 and the deflection frame 

,2.334 lb./? n. 2.334 Ib./in. 

12.334lb./ir 

( 1 nt&Msltles Ijased on the korizontal projection of tks Hclgas) 

49, Increment of joint load applied to both models 
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—8 

DEVELOPED 

SURFACE 

3.06' 

(Rosettes on top and bottom surfaces^ 

3.06" 

Fig. 50, Locations of strain rosettes and deflection dials on Model 1 

0.3' 

3A'/ 

" k. . 

I* y 
DEVELOPED 
SURFACE. 

13 

0.3 ouin£R.eD<3e 

T 6108̂  T 6.08" 
(Rosettes on top surface only ) 

Fig. 51. Locations of strain rosettes and deflection dials on Model 2 
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-Left diaphragm'* 

—cirj Values 

WgL= 75lbs./fe 

COlL " 30 Ibs./ft^ 

- 6(n 

Lmq̂ = 50.56ft. 

Piqte d'^i dr( 
(ft.') (ft.) 

1 
2 
3 
4 

0 
ISO 
15.0 
0 

15.0 
0 
0 
(5.0 

Fig, 52. Structure used in the study of the solution accuracy of the 
proposed theory as it is affected by the number of nodal 
sections 
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Sûoo 

O" JGmf, Rj. 52 

— 15 NoJaL Sec.'tions 

7 NotJal Sachons 

iooo 

loco 

3L 

Distance from left dlophrqgi 

sao 

Soe 

3L 

SthM,-P_Q 

looo 

53. Stress distributions in the study of the accuracy of a 
solution as affected by the number of nodal sections 
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Çy. Ja/nt, Fi^.SZ 

/S" t^odal Section's 

7 I^ocIdI Sections 

8000 

iooo 

TM 
3L 

. 54. Transverse moments in the study of the accuracy of a solution 
as affected by the number of nodal sections 
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• Left oliaphrogm 

Constant Parameters 

L »50ft. 

" é in. 

dmi= 7.5ft. 

(JCL? 75 iWft.* 
Wi_L= 30 lts./ftf 

All plates hove the 
Same shape incach 
case considtred 

(a) Structural plan and loading conditions 

(b) Variations in Plate taper (c) Variations in plate slope 

( 0%^ 30°® Constant) 

Case .dr^ Lnai, o<l Sli 

(ft.) (fti (ft.) 

(iïi" 0.25° Constant) 

Case •©t 
(degrees) 

1 0.0 15.00 50,56 8.5 0.30 1 22.5 

z 1.25 13.75 50.40 7.0 0.25 2 30.0 

3 2.50 12.50 50.25 5.7 0.20 3 37.5 

4 3.75 11.25 50,(4- 4.2 0.15 4 45.0 

5 7.50 7.50 50.00 0.0 0.0 

Fig. 55. Structure used in the study of the effects of taper and slope 
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Xî,.= 0.30 
6000 

11..= 0.25 

Sl̂ -= 0.20 5000 

£l-= 0.15 
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lOOO 
Distance •from left diaphragm 
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Joint 
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4000 

éooo 

57. Distributions of transverse moments in the study of the effects 
of taper 



www.manaraa.com

174 

5000 

4000 

3000 

•) 2ûoo 

1000 

TM 
( lb . - in /in) 

0 

Dfstance from left diaphragrn 

aooo 

1000 

TM 

looo 

•Joint 

2000 (+) 

3000 

5000 

7CP0 

Fig. 57 (Continued) 
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58. Shear force distributions in the study of the effects of taper 



www.manaraa.com

176 

50000 

40000 

30000 

20000 

V. 

Distance from left diaphragm 

(,0000 

50000 

40000 

30000 

Joint® 20000 

10000 

Shear 

Force, T 

(lb.) 

(0000 

Fig, 58 (Continued) 
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61, Primary and final stress distributions in the study of the 
effects of slope 
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Rjrtion used 
for BcqmTkeory 

COpL.= 56.3/bs./ft? 

ULL'. 20.01bs./ft? 

tl = 4.5 In 

Plate di! 

(•ft) 

dr; 

(ft.) 

Lnoj, 

(ft.) 

1 7.5 2.5 50.06 

2 3.0 3.0 50.17 

3 5.0 10.0 50.06 

4 4.0 4.0 50.08 

Fig. 65. Structure No. 1 used in the study of cross-sectional form 

• Left diaphragm value 

Wp̂ ,= -50 

20lbs./ft? 

t i - 4-in. 

values 

Portion used 
for Beam Theory 

Plate d.ei drt LnoL 
(ft.) (ft.) (ft.) 

1 1.0 4.5 40.34 

2 9.0 2.0 40.0q 

3 2.0 9.0 40.0q 

4 9.0 2.0 40.30 

Fig, 66, Structure No, 2 used in the study of cross-sectional form 
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Fig. 67. Stress distributions in Structure No, 1 of the study of cross-
sectional form 
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Fig. 68. Distributions of transverse moments in Structure No. 1 of the 
study of cross-sectional form 
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Fig. 69. Stress distributions in Structure No. 2 of the study of cross-
sectional form 
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Fig. 70. Distributions of transverse moments in Structure No, 2 of the 
study of cross-sectional form 
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